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Abstract 
This thesis presents an extended cohesive damage model (ECDM) for 
simulating crack propagation in fibre reinforced composites. By embedding the 
cohesive zone model (CZM) into the eXtended Finite Element Method (XFEM) 
and eliminating the enriched degree of freedoms (DoFs), the ECDM defines the 
cohesive crack path in an implicit way in equilibrium equations and enables 
the local enrichments of approximation spaces without additional DoFs. The 
contribution from additional DoFs can be accounted via the DoFs elimination, 
which allows discontinuities to exist within a finite element rather than the 
element boundaries. To account for the evolution of cohesion before crack 
propagation, in this developed ECDM, a new equivalent damage variable with 
respect to strain field is introduced to avoid the appearance of enriched DoFs, 
and to substitute the conventional characterization in the approximation of 
displacement jump. This variable is achieved based on the energy dissipation 
during post-failure process to characterize the damage evolution. Therefore, 
the constant dissipation of fracture energy during failure process is guaranteed. 
Eliminating the enrichment by adopting a condensation technique, the ECDM 
is expected to provide significant superiority in computational efficiency when 
modelling crack propagation in materials. 
The performance of the present ECDM is demonstrated by the initial 
applications in simulation of crack propagation in homogeneous and 
heterogonous structures, which show that the developed ECDM works well 
when comparing to experiment work and XFEM analysis. Regarding the 
computational cost, the ECDM can ease the computational burden by more 
than 60% reduction in terms of CPU time without sacrificing numerical 
accuracy and robustness. The feasibility of the ECDM in capturing 
delamination migration within fibre reinforced laminated composites is 
 III 
verified. Good agreements with experimental work are obtained and the 
present model’s advantage in accuracy and numerical efficiency comparing to 
CZM based model is demonstrated. 
This work makes contribution to academic knowledge and technology 
translation by the following points: 1. It is the first time to theoretically derive 
the fully condensed equilibrium equations of the ECDM based on the 
framework of XFEM; 2. An equivalent damage variable with respect to strain 
field is introduced for characterizing the effects from enriched DoFs and 
cohesive traction, which avoids physical displacement jump in presenting 
strong discontinuities; 3. A significant improvement of computing efficiency in 
non-linear fracture analysis is achieved through eliminating the enriched DoFs 
required by XFEM; 4. The developed ECDM provides a highly efficient tool for 
academics and engineers in predicting detailed multicrack failure mechanism 
in engineering materials and structures; 5. The ECDM is developed using 
common computer language FORTRAN, which can be easily integrated into 
other FEM commercial packages. 
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Chapter 1 
Introduction 
 
1.1. Motivation 
1.1.1. Material failure 
Under some conditions, material medium may degrade or even totally lose its load 
carrying capacity. This phenomenon is defined as material mechanical failure 
(Dasgupta & Pecht, 1991). Material failure can be detected and measured from 
microscopic to macroscopic scales. Beyond the threshold of material nonlinearity, at 
structure level, mechanical response may be shown softening feature in stiffness, which 
can be an unfavorable function to structural design. Therefore, material failure can have 
a profound influence on the integrity of the structure. 
The general causes and initiation of material mechanical failure in component or 
structure can be categorized as below (Dowling, 1993): 
 Failure from the fractures subjected to static overload 
 Buckling in columns subjected to overloading of compression. 
 Yield under static loading which then leads to misalignment or overloading on other 
components. 
 Failure due to impact loading or thermal shock. 
 Failure by fatigue fracture. 
 Creep failure subjected to low strain rate at high temperature. 
 Failure due to the combined effects of stress and corrosion. 
 Failure due to excessive wear. 
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Fracture can be recognized as the main material failure mode, whose mechanisms are 
significantly complicated, and have attracted extensively experimental research. This 
kind of common material failure is sometime catastrophic to the structure, especially 
for the main load bearing component or structure. Figure 1-1 shows typical material 
fracture in load bearing beam of civil engineering building. 
 
         
Figure 1-1. Fractures in (a) a concrete beam and (b) a timber beam. 
Fracture can be described in various ways depending on the performance of material 
subjected to the stress field beyond material’s critical condition. Material may 
demonstrate some different characteristics on the presence of material fracture. The 
undergoing mechanisms of fracture or even its presence can be various for different 
type of materials. According to different behaviors during fracture procedure, two types 
of materials can be generally defined: brittle materials and ductile materials (Dowling, 
1993). For ductile fracture, extensive plastic deformation and energy absorption, 
known as fracture toughness, can be observed before physical fracture occurs; while 
for brittle materials, sudden and catastrophic fracture occurs showing brittle properties, 
appreciable plastic deformation can hardly be observed and low amount of energy is 
absorbed before fracture. Figure 1-2(a) presents a representative brittle fracture 
specimen, from which it can be seen that crack propagates nearly perpendicular to the 
direction of the axial (the direction of applied stress). The microscope mechanism of 
brittle fracture can be explained as that the brittle fracture propagates by cleavage - 
breaking of atomic bonds along specific crystallographic planes (cleavage planes) 
(Cook et al., 1964). On the other hand, Figure 1-2(b) shows a fracture pattern of typical 
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ductile material aluminum, from which the fracture appearance is obviously different 
from that of brittle fracture. Cup-and-cone pattern can be observed within the specimen, 
meanwhile the necking elongation, recognized as the accompanying plastic 
deformation of fracture, can be spotted (Puttick, 1959). The typical constitutive 
relationships (stress-strain responses) of brittle material and ductile material are 
presented in Figure 1-3. Comparing to brittle material, obviously plastic deformation 
can be captured during ductile fracture procedure. 
     
(a) Brittle fracture in a mild steel            (b) Cup-and-cone fracture in aluminum 
Figure 1-2. Typical fracture patterns in metal materials (Dieter & Bacon, 1986). 
Regarding the deformation pattern of crack tip, fracture can be classified as three basic 
modes (Hertzberg, 1983): the opening (Mode I), the in-plane shear (Mode II), and the 
out-of-plane shear (Mode III), which are presented in Figure 1-4 (a), (b) and (c), 
respectively. 
 Mode I. Also known as the opening mode, which refers to the applied tensile loading. It 
is the most common fracture mode and used in the fracture toughness testing. And a 
critical value of stress intensity determined for this mode would be designated as KIC.  
 Mode II. Also known as the shear mode, which refers to the applied shear stress in the 
in-plane direction. The shear stress applied normally to the leading edge of the crack but 
in the plane of the crack.  
 Mode III. Also known as the tearing mode, which refers to the applied shear stress out of 
plane. Applied shear stress is parallel to the leading edge of the crack 
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Normally, most cracks tend to propagate in an opening mode (mode I). So that, in 
fracture analysis, the majority of fracture assumes that the fracture exists in mode I. 
 
Figure 1-3. Typical stress-strain responses for brittle and ductile fracture. 
 
 
(a) Mode I opening   (b) Mode II in-plane shearing  (c) Mode III out of plane shearing 
Figure 1-4. Three basic fracture modes.  
A C C’ 
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1.1.2. Computational characterization of fracture 
As one of the most commonly used numerical techniques, Finite element method (FEM) 
has currently become the main computational tool to seek for the approximate solution 
of systematical differential problems in engineering field (Zienkiewicz et al., 1977). 
Since its development, FEM has obtained significant concern and been applied 
successfully in many areas of engineering sciences, including heat conduction, 
electromagnetic field, fluid mechanics, structure mechanics, etc. Because of an easy 
implementation by programming, it has been developed rapidly in the past half century, 
and its application has been extended to other fields from the initial calculation and 
analysis of structure and solid mechanics. In the 1950s, FEM was firstly applied in the 
continuum mechanics field - aircraft structural static and dynamic behavior analysis. 
These applications show that the FEM is an effective numerical analysis method and 
subsequently it was widely used for numerical modelling in antipyretic conduction, 
electromagnetic field, and fluid mechanics. Currently, the FEM has been successfully 
applied in hydraulic engineering, civil engineering, bridge, mechanical and electrical, 
metallurgical, shipbuilding, aircraft, missiles, space, nuclear energy, seismic and 
geophysical exploration, meteorological, seepage, underwater acoustics, mechanics, 
physics, almost all of the scientific research and engineering technical field. 
Based on the finite element (FE) analysis algorithm, commercial software is developed, 
namely the so-called finite element analysis software, which has greatly encouraged 
extending the capability of FEM for solving different engineering problems. Usually, 
according to the scope of its applications, FEM software can be distinguished as 
professional finite element software or large general finite element software. In fact, 
after several decades of development and improvement, each kind of special and 
general finite element software has made finite element method transformed into the 
social productive stage. The most commonly used commercial FEM software includes 
LUSAS, MSC. Nastran, Ansys、Abaqus、LMS-Samtech、Algor、Femap/NX Nastran、
Hypermesh、COMSOL Multiphysics、FEPG, etc.  
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As mentioned in the above section, fracture can be of significant importance to the load 
bearing capacity of material, which is sometimes catastrophic to the integrity of 
engineering structure. For the purpose of thoroughly obtaining great insight into 
material failure, a lot of research efforts have be made to experimentally investigate the 
failure mechanisms of engineering materials. In order to guarantee the structural safety 
and meanwhile minimize the material cost, an optimistic design is pursued by structure 
designers. Nevertheless, because of the restriction from time and economic conditions, 
it is not realistic to test all the structures under all possible conditions in designing 
process. Thus numerical simulation can be an ideal way to assess the material and 
structure design. A numerical solution would then be significantly useful as a predictive 
index for designing structural components so as not to fail, but rather to succeed in 
performing their intended tasks. Accurate modeling and rigorous analysis of structures 
are required to evaluate physical behaviors, such as strength and post failure process of 
the material systems. Currently, there are still a lack of universally applicable numerical 
tools, while the prediction and simulation of the material behavior, due to failure, is 
still in an essential requirement, and is one of the major concern in the computational 
material science field. 
The microscope failure courses and failure mechanisms are different for the material 
with different physical characteristics. These material failure processes manifest 
themselves in quasi-brittle materials such as solid rocks and concrete as fracture 
process zones (Otsuka, & Date, 2000), shear (localization) bands in ductile metals 
(Tvergaard, 1982), or discrete crack discontinuities in brittle materials (Erdogan & Sih, 
1963). Consequently, this diversity in terms of failure pattern poses significantly 
challenges in conducting numerical modellings. In addition to that, modeling 
discontinuities, such as holes and inclusions, modeling faults and landslides present 
another form of problems where the usual classical FEM becomes an expensive choice 
to get optimal convergence of the solution. 
Chapter 1 
7 
 
As well known, classical FEM can deal with elastic simulating of material with 
sufficient accuracy and efficiency. The solution of FEM essentially depends on 
approximation properties of polynomial shape functions, hence its application 
generally requires that the solutions possess smooth features so as to obtain optimal 
accuracy. Nevertheless, material failure may lead to non-smooth characteristics of 
material behavior, such as high gradients/singularities in stress and strain fields, strong 
discontinuities in the displacement field as in case of cracked material mediums. In 
such scenario, the FEM becomes computationally expensive and always impossible to 
numerically converge a physical solution. Therefore, the classical FEM will not work 
well anymore when dealing with the computational material failure consisting high 
strain gradient and material nonlinearity. Number of instances can be found regarding 
the nonlinear material modelling, in which the usual FEM method performs struggling 
as an inefficient method (Oliver & Huespe, 2004). To overcome this limitation of the 
classical FEM, researchers have spent many efforts on developing efficient numerical 
approaches in the frame work of FEM. Therefore, to not only predict the structural 
strength, i.e. failure load, but also the post-failure course correctly, a FEM based 
computational algorithms, which are capable of dealing with the governing equations 
with high nonlinearity, and are satisfactory in computational robustness and stability, 
accuracy, efficiency, is still greatly required in engineering fields. 
1.1.3. Failure in composite structures 
Composite material is defined as the material system combined by a group of two or 
more than two constituents at macroscopic scale. Different constitutes serve as different 
roles in the material system. According to the need of different projects, user can select 
different component materials, using the most suitable composite fine structure and 
optimization of material performance. Normally, a matrix and a reinforcement can be 
found in the reinforced composites. The combination of matrix and reinforcement will 
achieve property superiority to the properties of the individual components. The most 
commonly used reinforcement is the fibres, e.g. glass fibres and carbon fibres (Mallick, 
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2007). The introduction of fibre can significantly fortify the matrix in terms of material 
strength and stiffness. If composite material system are designed and manufactured 
appropriately, it may retain the best original properties of the individual components or 
constituents and usually attain some properties that neither constituent possesses. This 
main advantage of fibre reinforced composite (FRP) material enables it great potential 
in replacing the traditional materials. Because of its high ratio between specific strength 
and material density, degree of the performance of high specific modulus which is so 
much better than the traditional metal and metal alloy materials, in the aerospace, civil 
engineering, machinery, chemical industry, composite materials have become more 
and more widely used. With the rapid development of manufacture of composite 
structure, it even has become the support material for many high-tech fields. Depending 
on the type of matrix material, composite materials can be termed as different 
categories, e.g., metal composites, polymer composites and ceramic matrix composites 
(Hull & Clyne, 1996). In Figure 1-5, the typical configuration of carbon fibre reinforced 
polymer (CFRP) composite is illustrated. The fibres align with the principal direction 
to bear load in the material system, the polymer resin plays a role of matrix to support 
the distribution of fibre. 
 
 
Figure 1-5. The configuration of carbon reinforced polymer (CFRP) composites. 
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Figure 1-6. Typical failure modes in FRP composite materials: (a) Fibre breakage, (b) Fibre 
kinking, (c) Fibre pull-out (d) Matrix cracking, and (e) inter-laminar delamination and the 
resulted layer buckling 
 
Although FRP composite structures have been widely applied in various engineering 
fields and have proven itself in providing numerous advantages relating to mechanical 
and other physical properties, there are still weaknesses and application limitations for 
FRP composites (Schwartz, 1997). Because of the defects and damage inevitably 
existing during manufacturing process, it is of critical importance to guarantee proper 
maintenance and repair for composite structures. Most importantly, the failure 
mechanisms of FRP composites is significantly different with traditional metal 
materials, which has pose a great challenge to material science community in dealing 
Matrix 
 
Fibre 
(a) (b) 
(c) (d) 
(e) 
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with the design of composite structures (Hull & Clyne, 1996). The source of failure in 
FRP composite structures can be attributed to various origins, and the failure 
mechanisms are always more complex and sophisticated than conventional 
homogeneous material, e.g. metal. Because of the heterogeneity of RFR composites, 
the failure in FRP composite structure does not normally occur in single mode, which 
means, multiple failure modes can always be found within composite structures.  
The failure of composite material is closely related with the micro-scale damage 
mechanism. The damage can be shown at different scales due to the microscopic 
complexity of FRP composites, such as fibre fracture and kinking, fibre pull-out and 
fibre/matrix debonding at fibre scale, fibre bundle fracture, matrix bubbles, staggered 
cracking between fibre bundles at bundle scale, the interlaminar delamination and 
cracking at composite layered structure scale. Micro-scale damage is the fundamental 
reason of macro-scale damage, meanwhile macro-scale damage is an accumulation of 
micro scale damage. Therefore, to investigate the development of failure in composite 
materials from different scales is essential to deeply understand the damage mechanism 
of composite materials and construct accurate strength criterion. 
The configuration of common failure modes within FRP composites are presented in 
Figure 1-6. As shown in Figure 1-6(a), fibre breakage occurs when the applied tensile 
stress is beyond the fibre strength. The strength of all the random distributed fibres are 
not the same, so that generally, the fibres with higher strength can still bear applied 
stress in the moment of fibre breakage. For an in-depth understanding of fibre breakage, 
investigations have been made on the characteristics of the fibres strength in FRP 
composites (Durham & Pagett, 1997; Zhang et al., 2011), from which it is suggested 
that the Weibull and Gauss distributions can be adopted to describe the distribution of 
carbon fibres strength in FRP, while the distribution of strength of glass fibres follows 
the Rayleigh distribution. Fibre kinking shown in Figure 1-6(b) is the typical failure 
model when the fibres are under compression, the phenomenon of kinking is similar 
with buckling. It is suggested that a constant kinking angle can be observed. 
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In the cases where the failure of interface bond between the matrix and fibre bundles is 
prior to fibre breakage, some fibres can be pulled out from the matrix support due to 
the tensile loading. This failure mode is presented in Figure 1-6(c). In normal case, the 
fibre pull-out occurs at the fibres end, or at a fracture surface within laminate, where 
the fibre/matrix shearing strength is exceed earlier than the fibre tensile strength. 
Another failure mode commonly observed in FRP composites is matrix cracking, 
which is shown in Figure 1-6(d). The occurrence of matrix cracking can be mainly 
attributed to the relative low tensile strength of matrix material. From experimental 
investigation, the bearing behavior of matrix is remarkably dependent on the fibre 
alignment. It is found that in the first stage intra-laminar damage process in FRP 
structure, failure normally starts with matrix cracking, which may results in overall 
deterioration of lamina’s stiffness. Therefore, in laminated FRP, prior to the failure 
point of entire structure, matrix cracking usually has progressively evolved to some 
extent and it generally demonstrates a ductile behavior comparing to the brittle fibre 
failures. For some matrix materials, such as resin polymer, plasticity can also be 
verified.  
Beside the intra-laminar failure modes discussed above, inter-laminar failure, i.e. 
delamination is almost the most common failure mode found in laminated FRP 
composite, whose appearance is illustrated in Figure 1-6(e). Delamination is mainly 
caused by a weak bonding between composite laminas, meanwhile the existing cracks 
in the matrix material, broken fibres and fatigue or impact loadings can speed up the 
occurrence of delamination. Delamination may have a drastic influence on the load 
bearing capacity of laminated FRP composite. The decrease in structural stiffness due 
to the presence of delamination under service loads also lead to premature failure of 
structure. In particular, for the laminate under compression, layer buckling induced by 
delamination can promote further development of each other (Short et al., 2001). 
With the development of material science and manufacture technology, more and more 
FRP composite structures are employed to perform the critical role as main load bearing 
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component in aerospace engineering. Figure 1-7 shows a damaged full-scale CFRP 
wingbox of the Boeing 787 Dreamliner after the destructive test carried by Boeing 
Company in November 2008 (High-Performance Composites, 2008). This is 
recognized as a milestone for the application of CFRP in the main force bearing 
structure of Large Commercial Transport. For aviation composite structure, the form 
of damage is varied, such as layer de-bonding, degumming, wrinkling, surface scratch, 
depression, impact damage and crack of the structure. According to influence of the 
damage on the aircraft structure, damage can be divided into two categories. The first 
category is the allowed damage referring to the damages which do not occur in the key 
parts of structure and the degree is light. This type of damage does not affect the 
structural integrity and hardly reduce the component performance, such as component 
surface scratches and minor impact damage, etc. The second category is the damage to 
be dealt with immediately, the type of damage will affect the structural integrity and 
cause performance degradation to some extent, resulting the lowest permissible level 
in structural strength.  
 
 
Figure 1-7. Destructive test on the Full-scale CFRP wingbox of the Boeing 787 Dreamliner. 
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1.1.4. Computational modelling of failure in composite 
materials 
In order to approach optimized structure, the physical and mechanical properties of 
composites should be appropriately associated with the anticipated geometry shapes of 
structure when conducting design. Through a comprehensive optimization, the reliable 
and economical design of composite laminates, in which the mechanical performance 
and structural weight are perfectly matched, can be desired. Loading condition applied 
on FRP structure is always complex, subjected to which multiple failure modes may be 
provoked. These multiple failure modes may develop synchronously and dependently. 
The coupling effects between various failure modes are normally critical. Hence, a 
profound knowledge of the failure mechanisms of FRP composites is essentially 
required for efficiently and economically instructing the practical design of FRP 
composite structures. Based on this consideration, the modelling of the multiple failure 
mechanisms is significantly essential to the in-depth investigation of failure 
mechanisms in FRP composites. The complexity in the mechanical failures is not the 
only undesirable feature of FRP, which affects its practical performance and 
applications. Another cumbersome trouble in FRP composites characterization is the 
inherent heterogeneity and stochastic properties of these materials, which inevitably 
leads to randomness and uncertainty in their manufacturing processes and material 
compositions in final products. In addition, composite fatigue cumulative theory is also 
significantly different from the classical fatigue theory of metal material. Therefore, 
more special treatments in dealing with the numerical simulation for the fatigue related 
failure behavior in FRP composite structure are also paid attention by researchers. 
The spatial variability, i.e. the heterogeneity, in mechanical performance of FRP 
structure is ignored by the deterministic approaches which is adopted in most 
investigations on numerical modelling of FRP. Conventionally, a homogenization 
technique (Dasgupta & Agarwal, 1992) is required to be implemented in the common 
modeling procedure for FRP structure, within which a certain scale of material 
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properties can be correspondingly related to a large scale, mainly via averaging 
measured material properties, see Figure 1-8. Homogenization techniques can be 
performed at micro-scale, meso-scale and macro-scale, by which the uncertainty and 
variability in material configuration are assumed for different scales of material 
composition. The effect of material heterogeneity at micro-scale level can introduce 
errors into the description of material behaviors at a larger scale modelling. At the 
meso-scale, computational analysis on FRP composites has attracted considerable 
attentions over the past decades and proven to be one of the effective approaches to 
characterize the uncertainty equivalently to homogenization (Maa & Cheng, 2002; 
Gorbatikh et al., 2007). However, difficulties with boundary condition assumptions in 
modeling and expensive costs in computational resources still exist in this technique 
and have made its application for large laminate challenging. The macroscale 
modelling, known as the largest structural analysis level in material composition 
studies, is regarded as the scheme with least computational burden. The microscopic 
complexity of material composition can be completely avoided in such studies at 
macro-scale level. With the macro-scale modelling performed based on continuum-
mechanics based structural modeling formulations, it is expected that the existing 
material’s behavior and randomness in structural response can be captured by coupon 
size test results. Appropriate modelling scale should be selected according to the 
different purpose of carrying out numerical simulation. Then optimized modelling 
scheme can be obtained. 
It is required that the crack surfaces coincide with the element boundary when using 
conventional finite element in dealing with non-continuous problems, e.g. crack 
simulation. With the complexity of material configuration and failure mechanisms of 
FRP composites, this limitation manifests itself more severely. Consequently using 
conventional FEM on the crack propagation analysis, we must constantly regenerate 
the mesh configuration, to ensure that the element boundary and discontinues surfaces 
coincide. This increases the computational cost, and leads to low efficiency, which is 
unfavorable in engineering design. In order to solve the challenging problems 
Chapter 1 
15 
 
conventional finite element encountering in such problems, scholars have done a lot of 
work, and provided some corresponding solutions. The commonly used method 
includes elimination method, local re-meshing method, opening node method, cohesion 
model, meshless method and eXtended Finite Element Method (XFEM). 
 
 
(a) Micro-scale     (b) Meso-scale               (c) Macro-scale    
Figure 1-8. Numerically characterizing the FRP composites at different scales. 
 
1.2. Literature review 
1.2.1. Cohesive zone model and its implementation: interface 
element 
1.2.1.1. Basic formulations and development of CZM 
In the frame work of conventional FEM, the modeling of fractures in structures and 
specially evolving cracks require the FEM mesh to conform to the geometry of the 
crack and hence need to be updated each time as the crack grows progressively. This is 
not only computationally costing and cumbersome but also may results in loss of 
accuracy because the data is mapped from old mesh to the new mesh when the crack 
propagates. Cohesive zone model (CZM), also known as cohesive damage model 
(CDM), was developed in the framework of Fracture Mechanics and Continuum 
Damage Mechanics theory and based on a Dudgale–Barenblatt cohesive zone approach 
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(Barenblatt 1962; Dudgale, 1960). It is regarded that a zone possess cohesive property 
is presented on the front of crack-tip, within which the elastic constitutive relationship 
will be failure to characterize the nonlinear course of material (Needleman, 1987; 
Kinloch et al., 1993; De Borst, 2003). Since its development, CZM has been used for 
modelling various material fracture behavior. Comprehensive reviews on the 
development of CZM, including its advantages and limitations have been done by 
Elices et al. (2002). Figure 1-9 schematically illustrates the existence of cohesive zone. 
The main function of CZM is characterizing the behavior of this cohesive zone. 
 
Figure 1-9. Schematic representation of a cohesive zone in front of a crack-tip. 
There are different initiation criteria proposed to determine the occurring of crack. A 
simple strength-based criterion is chosen by Kinloch et al. (1993) and Camanho et al. 
(2003) for delamination onset in 3D delamination of composites, as expressed in Eq. 
(1-1). This criterion is the most widely used criterion in CZM: 
ቀ〈ఛయ〉ே ቁ
ଶ ൅ ቀఛమௌ ቁ
ଶ ൅ ቀఛభ் ቁ
ଶ ൌ 1aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (1-1) 
where ߬ଵ and ߬ଶ are the interlaminar shear tractions, while ߬ଷ is the normal traction. 
N, S, and T are the interlaminar normal tensile and shear strengths corresponding to 
mode I, mode II, and mode III fracture. 〈߬ଷ〉 denotes the positive part of traction in 
normal direction. Experiments indicate that the through-thickness compression always 
results in a significant increase in shear strength, which is considered to be quadratic 
up to the maximum values (DeTeresa et al., 2004; Gillespie et al., 2005). Beyond the 
maximum points, the failures are dominated by interlaminar compression. Yen and 
Caiazzo (2000), Xiao and Gillespie (2007) took the enhancement effect of through-
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thickness compressive stress into account via a revised quadratic debonding initiate 
criterion. In this work, the criterion is employed to predict the onset of structure 
debonding. 
For the performance of CZM beyond the crack initiation, the nonlinear response of 
cohesive zone is controlled by a cohesive softening law. Two typical softening laws 
are presented in figure 1-9. Bilinear law (Camanho et al., 2003), cubic law (Blackman, 
2003) and exponential law (Needleman, 1987) are the three standard cohesive damage 
laws, which are geometrically the simplest form, and the performance of CZM shape-
sensitivity has been investigated by Volokh (2004). The propagation of crack in CZM 
is generally controlled by a criterion in terms of the energy release rate and fracture 
toughness (Kinloch et al., 1993). Currently, two propagation laws can be normally 
found to determine the damage propagation in CZM: the Benzeggagh–Kenane 
(Benzeggagh & Kenane, 1996) criterion expressed as below: 
ܩூ,௖ ൅ ൫ܩூூ,௖ െ ܩூ,௖൯ ቀீೞ೓೐ೌೝீ೅ ቁ
ఎ ൌ 1 aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (1-2) 
and the Power-law (Kinloch et al., 1993; Reeder, 2012) whose expression is as below: 
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൅ ൬ ீ಺಺಺ீ಺಺಺,೎൰
ఈ
ൌ 1aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (1-3) 
where GI, G1I, GIII, are the release rate of mode I mode II and mode III work dissipated 
during the separation, respectively. Gshear and GT are the shear mode dissipation and 
total dissipation. The mode I, II, and III fracture toughness are denoted by GI,c , GII,c 
and GIII,c. The energy release rate  can be calculated by the integration expressed as: 
  i =I, II, IIIaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (1-4) 
Proper propagation criterion plays an essential role in describing the crack evolution 
due to that it governs the nonlinear zone ahead of the crack tip. 
The constitutive response of the interface is characterized by the equations which 
relates the applied stresses to the relative displacements between the crack surfaces as 
iG
iii dG i  0
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shown in Eq. (1-5). In the constitutive equation, the initial interfacial stiffness Kj0 (j=I, 
II, III) is determined by the interfacial strength σjn and initial damage strain εj0 as Kj0= 
σjn /εj0 (j=I, II, III). 
aaaaaaaaaaaaaaaaaaaaaaaaaaaa (1-5) 
The constitutive equation shown in Eq. (1-5) depends on which states the cohesive 
element is in. Prior to the initiation of fracture, all element boundaries are perfectly 
coherent and the constitutive relationship follows an elastic behavior. With a relative 
high cohesive stiffness, the response of elements conforms to the original mesh 
topology without any interface element embedment, which is in the usual sense of the 
displacement finite-element method. On the situation of fracture occurring, the 
corresponding cohesion at the interface between two cohesive surfaces will enter into 
a traction-separation course, the behavior of which may follow a traction-separation 
law after the crack initiation.  
To apply CZM in modelling, cohesive zone elements, i.e. interface elements, are 
embedded into the zones where material fracture is supposed to happen (Cornec et al., 
2003). Figure 1-10 shows a configuration of interface element conducted for modelling 
delamination phenomenon in 3D laminated composite. CZM with implemented a 
general traction-separation model into an interface element of small or zero thickness, 
can overcome the usual drawback of conventional FEM model and equip the model 
with properties of nonlinearity. Via the embedment of interface element into the 
conventional meshing, it becomes a reality that modelling the bulk material still follows 
linearly elastic behavior, while the softening materials in the cohesive zone and cracks 
are modelled to be singular surfaces in the elastic body. 
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Figure 1-10. Physical topology of a 3D interface element by Camanho et al. (2003). 
The application of CZM element is not restrained by the characteristics of analysis and 
thus can be combined with the finite element model subjected to various finite 
kinematics, non-proportional loading, dynamics, or the geometry. Thanks to this 
feature, the numerical modelling of various types of problems accounting for nonlinear 
cracks can be conducted with ease. 
1.2.1.2. The practical applications of CZM 
1.2.1.2.1. The application of CZM in modelling general quasi-static cohesive cracks 
As reviewed by Planas et al. (2003) and Park and Paulino (2011), for static and quasi-
static failure process, CZM performs very well in modelling both the final failure load 
and post-failure response in conventional brittle and quasi-brittle materials. As 
aforementioned in the introduction part of the thesis, obvious plastic deformation can 
normally be generated during the failure process of ductile material. To analyze the 
cup–cone fracture phenomenon as shown in Figure 1-2(b), Scheider and Brocks (2003) 
used the cohesive model to investigate the crack-path deviation within a tensile 
aluminum bar. The cup–cone fracture could be perfectly reproduced via the CZM 
model and ductile fracture behavior could be captured well. Using CZM approach, 
Tvergaard (2004) carried out a progressive modelling on the ductile failure from the 
nucleation and evolution of micro-voids to coalescence. The influence of stress 
triaxiality on the failure response is considered in the formula description of the 
proposed CZM method. The fracture behaviors in thin sheet of high strength aluminum 
alloys with plasticity have been modelled by a numerical model in framework of CZM 
(Li & Siegmund 2002). The predictions can well reproduce the elastic–plastic 
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properties of metal attributing to the contribution of a modified cohesive constitutive 
relation. 
The CZM was employed to carry out the cohesive fracture simulation of FRP-concrete 
structure under pure mode-I loading by Qiao and Chen (2008) and mix-mode loading 
by Wang (2007). Bi-linear law, was adopted to describe the constitutive response of 
cohesion. It was found that the bi-linear CZM can well characterize the macroscopic 
mechanical response and failure process (e.g., the load vs. displacement curve and 
deformation pattern) in FRP-concrete. Two types of dominant interface failure modes 
were modelled distinguishingly: adhesive–concrete interface debonding and concrete 
cohesive cracking near the bond line. The combination and transition between the two 
failure modes could be identified to occur during the progressive failure process. To 
properly access both progressive softening and viscoelastic effects occurring in a 
relatively large fracture process zone within asphalt concrete, Song (2006) conducted 
a tailored CZM with power-law specialized for facture modelling of asphalt concrete, 
by which the quantitative predictions provided by CZM, including softening response 
and viscoelasticity of asphalt concrete can be described. The numerical results show 
good agreement with experiment outcomes. Leblond et al. (2015) carried out a multi 
scale modelling investigation onto the unstable propagation phenomenon of mixed 
mode (mode I+III) fracture. The model is based on the assumption that the spacing of 
the facets is remarkably smaller than the length of it, and asymptotic matching of outer 
and inner solutions for the mechanical fields is on the scales comparable to the facet 
length and spacing, respectively. 
1.2.1.2.2 The application of CZM in debonding and delamination of composites 
The features of CZM enable it an ideal tool to model the debonding of adhesively 
bonded joints or delamination occurring in layered composites, in which cases, the 
potential propagating path can be designated in a priori. Large amount of literatures 
can be found focusing on numerically modelling the fracture phenomenon of adhesive 
joint and laminated composites via CZM based approach.  
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Mohammed and Liechti (2000) predicted the crack nucleation at bi-material corners 
via CZM. In this study, the crack nucleation at biomaterial corners was governed by 
stress intensity factors. The bi-material specimen made of aluminum-epoxy was loaded 
under 4-point bending and results were used to verify the present CZM. The study 
suggests that the critical vectorial crack opening displacement and mode-mix are 
independent of the corner angle. Numerous investigations can be found focusing on 
modelling the pure mode fracture of adhesive joints or FRP composites via CZM, e.g. 
(Banea et al., 2011; Marzi et al., 2009; de Morais, 2013). Both the bi-linear softening 
law and exponential softening law can be established and applied for the pure mode 
fracture characterization. The predictions agree very well with experimental 
measurements if accurate material fracture parameters are provided. 
Mixed mode delamination is the most general situation in the delamination propagation 
of laminated composites. The evolution of cohesion in mixed mode delamination is 
more complicated than pure mode I delamination. Recently, completely analytical 
theories for mode partitioning in mixed mode delamination have been developed based 
on Euler beam theory (Harvey & Wang, 2012) and 2D elasticity (Harvey, et al., 2014). 
The Wang-Harvey mixed-mode partition theory based on Euler beam theory (Harvey 
& Wang, 2012) gives excellent predictions of fracture toughness at rigid interfaces in 
comparison with experimental results (Davidson et al, 2000). According to the 
experimental investigation on mixed mode delamination by Davidson et al. (2000), the 
mode mix ratio during evolution of cohesion at the rigid interface keeps a constant. 
Therefore, in general CZM, this mode mix ratio is treated as a constant after failure 
initiation. By Kinloch et al. (1993), Camanho and Dávila (2002), Park et al. (2009), Liu 
and Islam (2013), it is demonstrated that the CZM is capable of describing the mixed 
mode delamination response, not only the failure strength, but also post failure behavior 
of laminate. Benchmark tests were conducted to match the cohesive zone parameters, 
with which the CZM can provide a good bulk performance prediction, including 
predictions for both the strengths of the joints and failure mechanisms of an adhesively 
bonded polymer–matrix composite. Chen et al. (2009), and Chen and Fox (2012) 
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predicted the failure process within a braided composite T-piece specimen, which 
further assessed the feasibility of CZM in predicting mix-mode delamination.  
Borg et al. (2004a) combined the conventional shell element and cohesive element to 
model the pure mode I, pure mode II and mixed mode delamination benchmark 
specimens. An adhesive penalty contact, which is necessary for incorporating the 
rotational DoF of shell element and interface element, is adopted to account for the 
thickness offset. In Sun and Jin’s work (2006), the composite fracture with crack face 
fibre bridging was studied via both a combined cohesive/bridging zone model and a 
standard bridging model. Bridging and cohesive zones were dealt separately which 
guaranteed the accurate characterization of failure mechanisms to evaluate crack 
growth. A new framework of CZM has be developed, which takes into account the 
influence of the interfacial properties on the potential out-of-plane compression at the 
crack-tip and the failure within adjacent CFRP ply (Vandellos, 2013). 
Micromechanical modelling to analyze the failure mechanics of FRP composites can 
also be conducted via CZM (Ye & Chen, 2011; Ren & Li, 2014). In the simulation, a 
periodic displacement boundary condition can normally be prescribed onto the micro-
scale periodic Representative Elementary Volume (REV), and the subtle micro failure 
mechanisms within heterogeneous materials can be accessed. Turon et al. (2007) 
investigated a procedure in cohesive constitutive equation to account for the size of an 
interface element and the length of the cohesive zone. By this improvement, fracture 
of large scale structure with coarser mesh can be modelled efficiently, and meanwhile 
the correct volume of energy can still be dissipated during fracture. In addition, the 
minimum penalty stiffness is estimated by a closed-form expression. Harper and Hallett 
(2008) investigated the cohesive zone length in the implementation of CZM for 
modelling the delamination in laminated composites. It is concluded that a minimum 
of between two and three elements need to be presented within the numerical cohesive 
zone for an accurate representation of the numerical stress distribution within this zone 
at the point of initial crack propagation. Recently, Tu and Pindera (2016) applied CZM 
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in revisiting the classical response of the delamination along the 0°/90° ply interface 
and matrix cracking within 90° plies of a FRP cross-ply laminate. 
1.2.1.2.3. The application of CZM in modelling fatigue failure, impact and other 
dynamic failure. 
Borg et al. (2004b) and Aymerich et al. (2008) applied the cohesive interface elements 
into predicting the delamination propagation under low-velocity impact response in 
cross-ply FRP laminated plates. Good predictions were obtained. Yang et al. (2001) 
proposed a cohesive zone model to model the fatigue failure in quasi-brittle materials 
under cyclic loading. In Yang’s model, the difference in characteristic behavior of the 
cohesive zone between loading and unloading condition is considered in terms of a 
general polynomial form. De Moura and Goncalves (2014) modelled the high-cycle 
fatigue behavior under pure mode I loading using CZM. A unique damage parameter 
governing by the classical bilinear softening law was employed to account for the 
accumulation of failure by both static and fatigue loading, as presented in Turon et al. 
(2007). The fatigue delamination initiation and growth in a double cantilever composite 
beam is predicted to assess the proposed model. 
Experiments observations (Choi et al., 1991; Yuen et al., 2004) show that, without a 
pre-existing defect, FRP structures tend to initiate delamination from matrix cracking 
that usually occurs in the resin-rich region between two adjacent layers. Based on these 
observations, Fan et al. (2008) adopted a multi-axial stress criterion to determine the 
delamination initiation in order to show the hydrostatic stress effect on the delamination 
propagation. 
Zhang and Paulino (2005) investigated the dynamic failure response of functionally 
graded materials. In the proposed CZM, a graded element formulation was incorporated 
to describe the material deterioration, which makes the model suitable for progressive 
failure modelling of functionally graded materials. Hu et al. (2008) and Elmarakbi et 
al. (2009) introduced a pre-softening zone ahead of the existing traditional softening 
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zone, which enables the CZM stably and accurately simulates the delamination 
propagations in composite laminates under quasi-static and low-velocity impact 
transverse loads when comparatively coarse meshes are adopted in modelling.  
1.2.1.2.4. Recent advances of CZM 
In the work of Van den Bosch et al. (2007), large displacement formulation accounting 
for interfacial fibrillation is introduced to the CZM, by which the improved CZM can 
deal with large deformation problem in bulk materials, e.g., interfacial fibrillation. 
Considering spatially varying random fracture properties, Yang and Xu (2008) 
proposed a heterogeneous CZM to model the quasi-brittle materials, in which not only 
failure mechanisms can be accounted, but also the heterogeneity and randomness of 
materials are intrinsically intertwined at fine scales. Fang et al. (2011) developed a 
breakable CZM, by which the arbitrary crack complexity containing coalescence and 
bifurcation in heterogeneous material can be numerically described with ease. This 
model is programmed in Abaqus as a user interface element, named as Augmented 
Cohesive Zone (ACZ) element. By performing several examples, the ACZ element can 
capture the arbitrary separation of the cohesive element while correctly maintaining the 
non-linear coupling between merging or bifurcating cracks.  
In recent years, the idea of enriching the conventional FEM has attracted increasing 
attention. More specifically, the basic approximation of CZM can be modified and 
augmented so as to handle more complex fracture problems. An enrichment is 
introduced into the displacement approximation field in CZM by a process-driven 
hierarchical extension (Samimi et al., 2009). By the enrichment, the smoothness of 
displacement-load can be retained in numerical computation. In the context of finite 
element method, Zeng and Li (2010) developed a novel multiscale CZM, in which the 
bulk material is modeled as a local quasi-continuum medium that obeys the Cauchy–
Born rule. The basic principles of colloidal physics and surface chemistry are 
incorporated into the model so as to determine the internal cohesive tractions, the local 
quasi-continuum formulations have been extended from the interior of the solid to the 
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interfaces. Paggi and Wriggers (2011) proposed a nonlocal cohesive zone model, which 
take into consideration the properties of finite thickness interfaces. For the modelling 
of polycrystalline materials, the typically nonlocal molecular dynamics-based stress–
separation relationships are included in the approach’s mathematical framework. 
Dimitri et al. (2014) introduced a non-uniform rational B-splines based iso-geometric 
formulation into CZM framework, by which the T-spline iso-geometric discretizations 
featuring high inter-element continuity and local refinement ability can be combined. 
The new proposed model appears to be a computationally accurate and efficient 
technology for the solution of interface problems. 
Currently CZM is still attracting numerous attentions of researchers, and a large amount 
of efforts is still being made to investigate and improve it. With the further development 
of more powerful computer computational speed and a deeper knowledge of material 
mechanics, it is expected that the potential field of application of CZM will be 
significantly widen. It should be noted that, because CZM can only be applied via 
interface element, thus, in crack analysis by CZM, cracks, such as decohesion, are only 
permitted to occur along element boundaries (Elices et al. 2002). Therefore, user must 
pre-define the crack path and manually embed the interface element into all the 
potential failure crack path of original mesh topology. This limitation of CZM 
apparently hinds the application of it in modelling arbitrary crack propagation. CZM is 
feasible to characterize delamination and matrix cracking of composite laminates, and 
it has been usually employed as the principle tool in damage characterization of 
composites. However, there are shortcomings in such an approach, most obviously the 
requirement of embedding interface elements into the zones where delamination is 
supposed to happen, which makes the description for arbitrary matrix cracking 
frequently occurs in damage mechanism of composites cumbersome and even 
impossible. Moreover, interface element alone is insufficient for being able to simulate 
some of the key progressive damage mechanisms, such as fibre fracture and kinking, 
which potentially limit the use of composite laminates in aerospace structure. 
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1.2.2. Damage model based on continuum damage mechanics 
1.2.2.1. Development of continuum damage mechanics 
In this part, effort will be put in reviewing the development of continuum damage 
model (CDM), which is another approach mainly applied in computational failure 
characterization of materials. Kachanov (1958) firstly introduced the concept of 
‘continuum factor’ and ‘effective stress’ to describe the brittle creep damage of metal 
at low stress condition, when carrying out the study on the creep fracture behavior of 
metal in 1950s. Subsequently, Vakulenko and Kachanov (1971) further introduced the 
concept of ‘damage factor’ in 1960. Based on these concepts, a phenomenological 
continuum mechanics method is adopted to investigate the material deterioration 
caused by microscale creep damage, not only the formation and development of such 
a physical phenomenon as micro voids in the material lattice and micro crack damage 
(the same with other failure theory and research approaches), but also the post-failure 
mechanical behaviors attributing to these failure mechanisms.  
Although these characterizations may not be exactly accurate in analyzing the failure 
mechanisms of creep process from the view of metal physics, this phenomenological 
method derived from the formula of creep life still can be an effective tool applied to 
engineering practice. In the decade after the development of this continuum mechanics 
approach, these concepts and methods are mainly confined to the analysis of creep 
rupture of traditional metal (Welch & Smoluchowski, 1972). Until the late 1970s, the 
study on material damage has been paid attention by more and more researchers due to 
the emergence of some new engineering problems. In addition to Kachanov (1958) and 
Rabotnov (1969), Lemaitre and Chaboche (1978), using continuum mechanics 
framework, the concept of damage factor was further extended as a field variable, and 
the related theories are gradually developed and eventually formed a new failure 
discipline ‘continuum damage mechanics’ (Chaboche, 1987). 
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The non-linear development and accumulation of failure attributed to the diffused 
micro defects can lead to material deterioration. In the theory of CDM, material 
deterioration due to failure can be recognized as a degradation in corresponding 
component of stiffness, which can be quantitatively characterized by the damage 
variable (Chaboche, 1987). According to the theory of CDM, micro-cracks and micro-
voids have been distributed within a physical band prior to the occurrence of macro-
scale failure in material, these micro defects can be considered as the main cause of the 
degradation of material stiffness. Over the past five decades, the framework of CDM 
has experienced considerable progress, achievements and interrogations and it has been 
widely used to predict the stiffness degradation and damage evolution due to failure in 
isotropic material (Mishnaevsky & Schumacher, 2001; Murakami, 2012). 
After the material critical strength is reached, the micro defect diffusion is regarded 
uniformly distributed within the failure element, which is a basic assumption for the 
application of CDM – elementary smeared crack concept (Mishnaevsky & Schumacher, 
2001). In modelling the failure of quasi-brittle material, e.g. concrete. Beside the 
homogeneity assumption of CDM, another important assumption in CDM theory is the 
assumption of equivalent strain. More specifically, the strain due to the nominal stress 
σ෥ applied on damaged material is assumed to be equivalent with the strain caused by 
the effective stress σ applied on the corresponding intact material with same scale. 
This assumption is schematically shown in Figure 1-11, in which D denotes material 
stiffness. 
In the work of Lemaitre and Chaboche (1978), Chaboche (1987), Weitsman (1988) and 
Murakami and Kamiya (1997), the detailed framework of CDM is derived. Herein, a 
brief review of CDM framework will be given as below. 
In the characterization of failure material, the Cauchy stress tensor σ can be replaced 
by the nominal stress tensor σ෥: 
σ ൌ ሺ1 െ ݀ሻσ෥aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (1-6) 
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The damage variable d may initiate from 0 and then increase monotonically to 1.0, 
which indicates the intact status of material, while 1 corresponds to the situation that 
material is completely damaged and lost the mechanical bearing capacity. Damage 
variable can be determined according to the internal characteristics of the micro defects 
within materials. It can be introduced to establish appropriate stiffness degradation 
model to describe the progressive damage evolution. Thus the damage variables are 
defined in terms of reference quantity, which also can be divided into macro and micro 
class. 
 
Figure 1-11. The strain equivalence assumption in CDM.  
For conventional isotropic materials, the damage variable is defined to be a tensor, by 
which the anisotropy of the material damage can be described (Kuna-Ciskał & 
Skrzypek, 2004). Although its mathematical expression is more complex than isotropic 
failure, the anisotropic damage factor may be more accurately expressed and represent 
the arrangement of micro voids and their effects on macro mechanical behaviors of 
material. Thus it can be more suitable for practical application and mathematical 
treatment with great convenience. Based on the irreversibility of thermodynamics 
theory, the constitutive equation of damage evolution has the following features 
(Murakam, 2012): 
 The damage process is an irreversible thermodynamic process. 
 ~

D 0D
~

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 There exists a dissipating strain energy density and a dissipation potential which is the 
inherent nature of material. 
With the dissipating strain energy density and a dissipation potential, the damage strain 
coupling constitutive equation, and the general form of damage evolution equation can 
be derived: 
ij
ij
  
  aaaaa ij
s  
  aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (1-7) 
in which ij and ij  are the stress and strain tensor respectively,  is the free energy 
per unit mass for elastic–plastic materials under isothermal conditions. ρ is the material 
density, s is the evolution rate of internal variable, ωij is the internal variable of material 
system. 
Different ‘free energy’ can be defined for different thermodynamic processes. 
Generally two types of free energy are commonly used in physical problem: Gibbs free 
energy and Helmholtz free energy. 
According to the orthogonality principle (Murakami, 2012), we can get: 
The generalized thermal forces: i j
ij
Y
d
     and ij
Y
 
   aaaaaaaaa (1-8) 
In which ρ is the density of material, Yij is the energy dissipation rate , dij is the damage 
variable, Yα is the corresponding conjugate forces to the internal variable except for the 
damage variables in the system, ij is the internal variable of material system. 
Based on above review of CDM formulas, the general steps to implement the CDM in 
modelling material failure can be summarized as below: The first step is to define 
relative damage variables which can be considered as internal variables introduced into 
the material constitutive equation. Then it is needed that results regarding the damage 

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evolution equation should be tested based on solving plastic potential function and free 
energy function. Finally, with the establishment of damage mechanics equations, and 
all the initial boundary value problem and the variational formulation of the problem – 
solving process can be performed. In the studies regarding CDM modelling, different 
initiation criteria and post failure softening law can be incorporated to characterize 
different failure mechanisms. 
A typical application of a CDM-based approach has been provided by Fanella and 
Krajcinovic (1985), in which a tensor is proposed to describe the damage status. A 
damaged or degraded stiffness tensor is computed which is with respect to the damage 
variables. For the fibre reinforced concrete under both compression and tension, the 
numerical expression obtained stress-strain response quantities well within the range 
of the scatter of the experimental data. Similarly, a CDM model has been proposed by 
Faria et al. (1998), which associated progressive damage with plasticity development 
of material with a symmetric second order damage tensor. The CDM has been applied 
successfully in a series of practical engineering problems, such as creep and fatigue 
lifetime analysis of directionally solidified super-alloy (Shi et al., 2013), the strain 
softening simulation of concrete gravity dams affected by the damage of earthquake 
response (Calayir & Karaton, 2005), predicting the wind turbine blade fatigue life 
(Movaghghar & Lvov, 2012), fracture of the ice sheet (Duddu & Waisman, 2013) and 
concrete structures (Thapa & Yazdani, 2014), metal plastic forming (Chandrakanth & 
Pandey, 1995). A reviewed about the application of CDM based approaches in 
predicting the ductile failure behaviors has been done by Besson (2009). Recently, 
Richard and Ragueneauc (2013) have studied the application of CDM based approach 
in modelling the failure of quasi-brittle material under cyclic loadings. Malcher and 
Mamiya (2014) improved the CDM framework via an advanced damage evolution law 
depending on both stress triaxiality and the third invariant. By this innovation, the 
sensitivity of the damage model to the relationship between the conditions of use versus 
the calibration conditions can be effectively alleviated. 
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With the development of CDM, a promising framework for further development of 
damage modelling algorithm is provided for laminated structures. As afore-discussed, 
the failure of composite materials show some different characteristic and more complex 
behaviors. In performing the computational modelling of progressive damage of 
composite structures, researchers have encountered many difficulties. CDM has been 
proved to be an excellent approaches in modelling the progressive damage behavior to 
obtain the failure initiation and accumulation information of isotropic materials. With 
the increasing perfection of CDM framework, the application of CDM has been 
extended into the progressive failure analysis of composite structures. 
As a preliminary step in expanding the application of CDM model in modelling the 
progressive damage within composite material, a number of issues were raised during 
the investigation, which should be addressed by a new damage model, which include: 
 The physical significance of the choice of damage parameter, 
 ease of material characterization, 
 stacking sequence or lay-up dependence of the damage growth in laminated structures, 
 rate dependence, and  
 mesh size dependence of the predicted damage growth. 
In order to account for the heterogeneity in the continuous stiffness degradation and to 
predict the final failure strength of composites, the initiation criterion and failure 
evolution scheme for different failure mechanisms which implement the progressive 
failure analysis are significant. 
1.2.2.2. Application  of  the  CDM  model  in  characterizing  the  progressive 
failure within FRP composites 
In the framework of CDM, a large amount of theoretical models have already be 
conducted for FRP composites, mainly focusing on establishing the evolution scheme 
of damage tensors (Maimí et al., 2007; Lapczyk & Hurtado, 2007). The establishment 
of damage evolution scheme is closely related to the development of mechanical 
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aspects regarding the damage mechanisms and the dissipated work during the evolution 
of corresponding damage mechanisms. Thus, different damage mechanisms may have 
distinct internal variables to track the damage evolution. 
As aforementioned, the failure modelling of composites can be performed at different 
scales. At present, besides continuing to develop and improve the related theories and 
method related to damage mechanics research, most researchers mainly focus on the 
micro, meso damage mechanism research, and with fracture mechanics, meso 
mechanics and material mechanics and other subjects combined, the damage of applied 
mechanics to practical problems, such as stress analysis of engineering structure, 
structural integrity analysis and failure tolerance analysis, the fine-view design and 
manufacturing process of materials. The applications of CDM in micromechanical 
modelling of FRP composites can be found at microstructural level. Ghosh et al. (2007) 
developed a CDM based model to simulate the fibre-matrix interfacial debonding 
process within laminated FRP composite. Micro-scale modelling of a Representative 
Volume Element (RVE) employing the Voronoi cell FEM was carried out followed by 
homogenizing microscopic variables using asymptotic homogenization. Zhong et al. 
(2015) applied the Puck’s initiation criteria to determine the onset of failure and 
different post failure softening scheme to model the micro-scale failure in three-
dimensional woven composites. In the work of Parambil and Gururaja (2015), the 
damage analysis was carried out to model the progressive failure in laminated 
composites, based on the micromechanical configuration with randomly distributed 
fibres. A progressive fibre/matrix debonding triggered by matrix damage and vice versa 
has been well captured. Microscale modelling using CDM base approaches has been 
more and more employed by researchers who seek for more fundamental insight of 
failure mechanism. 
At larger scale, such as ply level or laminate level scale, Yokoyama et al. (2010) 
proposed a physically based continuum damage mechanics model for thin laminated 
composite structures. The model, combining the relevant experimental literature and 
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mathematical rigor of a CDM description, focuses on the numerical representation of 
impact failure within composite laminate. Cutouts, notches or holes can always be 
found in FRP composite structures, the introduction of which may lead to complicated 
stress distribution around the stress concentration region. Thus laminate containing 
hole or notch is always taken as the structure to assess the validity of CDM model (Maa 
& Cheng, 2002; Camanho et al., 2007; Hochard et al., 2009). This complexity of 
corresponding failure process due to hole or notched can be described by CDM. Most 
of studies applying the CDM in modelling the progressive failure of laminated 
composites are at meso-scale. Each layer of the laminate is modelled as at least one 
layer of elements. This treatment maybe not suitable for large scale thin-walled 
structure. Considering this, a laminate level CDM model is carried out, by which the 
progressive failure process beyond the bucking point, known as the post-buckling 
failure within a thin CFRP composites on the presence of cutouts is analyzed in Li et 
al. (Li et al., 2015; Li et al., 2016). The employed CDM is implemented at laminate 
level and the complicated coupling effect between fibre breakage and matrix cracking 
was considered with regularized internal variables, which have demonstrated good 
numerical accuracy. Based on the framework of CDM, a non-local fibre rupture criteria 
is employed by Hochard et al. (2006) and Miot et al. (2010) to control the determination 
of first ply failure in woven ply CFRP laminates under static and fatigue tension. 
Recently, Cairns et al. (2016) investigated the progressive damage performance of 
wave FRP composite laminate. The numerical analysis was conducted by both the 
CZM and CDM. It is suggested that better predictions can be provided by CZM 
approaches, while CDM demonstrates its excellence in accounting for nonlinear shear 
in the stress-strain response. 
However, the above reviewed CDM constitutive models only accounting for elastic-
damage process cannot fully describe the material response within composites, 
especially for polymer composites. This insufficiency in the accuracy of numerical 
modelling is mainly caused by the plasticity of matrix material. In the experimental 
work carried out by Wang et al. (2004) and Van Paepegem et al. (2006a), obvious 
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plastic deformation has been observed for the polymer matrix. Therefore, it is of 
essential significance to develop the damage/plasticity coupling nonlinear models to 
describe the interactive effect of the matrix plasticity on the performance of the 
composite materials with multiple failure. Based on this consideration, Van Paepegem 
et al. (2006b) introduced the thermodynamic conjugate forces into the damage surfaces 
or plasticity potential functions, with which the accumulation of permanent shear strain 
can be accounted in the damage model’s framework. A test of [+45/45]2s laminates 
under tension was used for the calibration of proposed model. Boutaous et al. (2006) 
established an elastic-plastic damage model which took into account matrix plasticity 
and complex failure mechanisms including the transverse tensile and shear damage of 
matrix and fibre–matrix interface, as well as the nonlinear behavior of fibre kinking. 
An anisotropic yield criterion was adopted considering the isotropic and nonlinear 
kinematic hardening. To account for plasticity effect during material characterization, 
Chen et al. (2012) have successfully combined the elasticity and irreversible plasticity 
in the developed progressive damage model, based on the CDM. The plastic strain 
generated during failure process is solved via a return mapping algorithm, which is an 
efficient numerical solution tracking scheme. 
A new meso-scale model is studied by Barbero and Lonetti (2002) for damage analysis 
of unidirectional FRP composite lamina. The unrecoverable deformation during failure 
process, namely the material plasticity, was coupled in the non-linear representation of 
polymer matrix, by the concept of effective stress. Cho et al. (2010) outlined the 
development of a nonlinear constitutive models for simulating the mechanical response 
due to damage for inelastic FRP composites. The damage/plasticity model formulation 
was based on the proposed potential function, which was expressed as a linear 
combination of functions related to deviatoric and dilatational deformations. Based on 
the above review on the application of CDM model for FRP composites, further work 
is expected to describe the damage/plasticity potential function coupled with the plastic 
flow rule to explore the effect of the damage evolution on the equivalent plastic strain 
rate.  
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1.2.2.3. Multiscale modelling of composites based on CDM 
The damage of composite structure mostly occurs at the micro scale, such as fibre 
breakage, fibre pull-out, debonding. In order to more accurately and systematically 
characterize the damage for composite structural stiffness degradation and strength of 
the material, we can appeal to multiscale modeling scheme. The so-called multiscale 
modeling, namely modelling the object structure or system at different scales, has been 
attracting researchers increasingly. As aforementioned, for material damage 
characterization and simulation for composite laminates, generally micro scale, meso 
scale and macro scale are considered. Laminated multi-scale damage simulation can 
effectively save calculation workload. Figure 1-12 depicts the general steps of 
multiscale modelling of laminated progressive damage. In computational modeling 
with damage the residual strength of composite structures, more micro models mean 
more accuracy in the damaged material stiffness and residual strength data, which can 
be used to determine the equivalence of all kinds of damage characterization parameters. 
These parameters can be further used in the modeling of meso scale single plies and 
even laminated plate, which can be used to increase the reliability of the numerical 
simulation of structural damage. 
Currently, the multiscale modelling technique has been more and more investigated for 
thoroughly exploring the damage behavior of composites. The significance of study on 
the expansion of multiscale modelling in the composite is great and its application is 
still a problem worthy of further study. 
Based on the CDM theory, mathematical formulations regarding a computational 
multiscale algorithms are carried out by Souza et al. (2008) to assimilate the failure 
behavior in terms of two different length scales. Through the technique of multiscale 
modelling, only the material properties at the micro scale are needed to be provided as 
input data for modelling, which can effectively avoid the misevaluation of material 
characterization due to inaccuracy in heterogeneous property. Furthermore, the actual 
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material configuration can be accounted in the modelling, thus more detailed material 
failure mechanisms can be obtained. 
 
Figure 1-12. An illustration of the typical technological process of multiscale modelling 
scheme. 
In the work carried out by Greco et al. (2013), the fibre/matrix cracking is modelled at 
to different scales, which is a typical example of multiscale analysis. Through this study, 
a thorough understanding of the failure of fibre/matrix interface can be achieved. 
Shojaei et al. (2014) applied the CDM into a multiscale modelling studies, via which 
more fundamental failure mechanism within Ceramic Matrix Composites, e.g. matrix 
interface cracking and fibre sliding, can be accessed and evaluated at a finer level. 
During the dynamic analysis, the energy release rate respective to the microscale 
fracture modes of CMCs was taken into accounted. Ivančević and Smojver (2016a; 
2016b) implemented a micromechanical model within explicit finite element program 
and a consequent multiscale analysis scheme was conducted for modelling failure of 
laminated composite structures under high-velocity soft-body impact damage. 
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CDM can be easily implemented within the framework of FEM to simulate material 
failure, while with which, material failure, i.e. the crack, can only be described by 
crushed element rather than being characterized as discontinuity in detail. On the 
presence of this limitation, CDM cannot model complex fracture behavior within 
composite structure accurately. 
1.2.3. Discrete failure approach 
1.2.3.1. Overview on the Discrete Damage Approach (DDA) 
For structural analysis, typical examples of strong and weak discontinuities are, 
respectively, cracks and interfaces between different domains or materials. Modelling 
arbitrary discontinuities and their propagation has currently been one of the major 
concerns in the fracture research community. Besides embedding the interface element 
in any potential discontinues path, in order to model such discontinuities, the adaptive 
mesh refining (AMR) scheme was developed from 1987 to 2000 (Zienkiewicz & Zhu, 
1987; Murthy & Mukhopadhyay, 2000), with which the mesh can be adaptively 
modified according to crack propagation and the error during numerical simulation can 
be efficiently minimized. Nevertheless, the treatment for weak discontinuities is a real 
challenging work for the AMR. Meanwhile, the modification of mesh topology is 
always tedious, and may bring considerable computational burden (Khoei et al., 2008). 
To address all these deficiencies, Babuska and Melenk (1997) proposed the Partition 
of Unity Method (PUM), in the implementation of which, no mesh regeneration is 
required in the characterization of discontinuity growth and the finite element boundary 
would no longer need to be the discontinuity surface. This feature of PUM is a 
significant benefit to the work of modelling fracture. The key idea in the PUM, is the 
use of partition of unity functions which are functions whose values sum up to unity at 
each spatial point within the domain of PUM. 
The essential development of FEM method can focus on the extension and 
improvement of the variational principle and the approximation space. For a long time, 
the progress and development of the finite element method is closely connected with 
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the expansion and development of the basic approximation space. In the past decades, 
in the framework of PUM, a rapid development has been made to conduct the problems 
containing physical discontinuities within continuum solids (Duarte et al., 2001; 
Belytschko & Black, 1999; Oden, 1998; Glowinski et al., 2003; Strouboulis et al., 
2006). Among all these PUM based approaches, the Generalized Finite Element 
Method (GFEM), Embedded Finite Element Method (EFEM) and XFEM are three 
main expressions in the class of so called discrete damage approach (DDA), developed 
based on the combination of the classical Finite Element Method (FEM) and the PUM. 
Kinematically, the DDA related damage model is equivalent to the class of 
conventional interface elements, while the key advantage of DDA is the potential of 
locating the discontinuity arbitrarily within the domain of an element, without changing 
the topology of FE mesh. 
DDA is able to overcome the aforementioned drawbacks of CZM and AMR and thus 
is applicable in describing the computational failure without severe dependence on 
mesh topology, by enriching the classical piecewise polynomial approximation basis 
within the finite element framework. With the DDA, it can be fulfilled that thoroughly 
conducting computational characterization for non-smooth features within a 
discontinuous medium. The existence of discontinuity can be freely laid within regular 
elements, irrespective of its size and specific orientation. Thus, no mesh regeneration 
is needed during discontinuity evolution and element boundary would no longer need 
to be the discontinuity surface in DDA, which is a significant benefit to the work of 
modelling fracture. Then, typical drawbacks of standard finite elements in modelling 
displacement discontinuities, like spurious mesh size and mesh bias dependences, can 
be effectively removed. 
1.2.3.2. Generalized Finite Element Method  (GFEM) and Embedded Finite 
Element Method (EFEM) 
In dealing with the boundary value problems considering physical discontinuity in a 
FE element, GFEM is one of the most acceptable approaches in the DDA family, which 
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is contributed to the pioneering work by Babuska and Melenk (1997). With the GFEM, 
the approximate basis is enriched by introducing the generalized degrees of freedom in 
the node, again interpolation of nodal degrees of freedom, so as to improve the 
approximation accuracy of the finite element method, or to meet the special 
requirements of specific problems (Strouboulis et al., 2000a; Strouboulis et al. 2000b, 
Duarte et al., 2001). Therefore, the GFEM can bypass explicitly modelling the 
configuration of internal details of all unit mesh, then the mesh generation can be in it's 
the simplest form. Obviously, the generalized finite element method is more flexible. 
Based on the approximation of GFEM, in depth design and customization on the theory 
of element shape function can be constructed, in order to attain a better characterization 
of arbitrary internal characteristics (voids, inclusions, cracks etc.) and external 
characteristics (concave corners, edges, etc.) of the complex problems. A wide variety 
of the form of additional customized shape functions have been investigated in order 
to feature different non-smooth properties in the GFEM, which allows the GFEM to 
approximate non-smooth solutions of boundary value problems on domains on the 
presence of singularities, or with mixed type of boundary conditions successfully 
(Strouboulis et al., 2000a). 
The successful validation of GFEM has been demonstrated in applying in handling the 
problems where domains containing complicated boundaries, problems with micro-
scale heterogeneity, and problems with discontinuities (Fries & Belytschko, 2010). 
Recently, Gupta et al. (2015) carried out a so-called stable GFEM for modelling 3-D 
fracture mechanics problems. For more information of the basic theory of GFEM, the 
main characteristics and the important details of the treatment strategies, including 
linear correlation, local approximation function for region on the numerical integral 
technique and boundary conditions, reader can refer to the work of Babuška et al. 
(2004). 
Different with the GFEM, in the Embedded Finite Element Method (E-FEM), the 
realization of the enrichment for the approximate basis is achieved embedding 
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enrichment on element, rather than on elemental nodes (Larsson et al., 1993; Jirasek, 
2000; Oliver et al. 2003). The support for each enrichment in EFEM is a given element. 
Oliver et al. (2006) conducted an investigation of the performance of E-FEM, it is 
demonstrated that the E-FEM can describe discontinuity propagation using relative 
coarse FE mesh with sufficient numerical accuracy. The convergence rate of E-FEM 
shows some advance comparing to the DDA based methods with nodal enrichment. 
Actually, the advance in convergence rate is mainly attributed to the reduction of 
additional degree of freedoms (DoFs) through elemental enriching scheme. Wu et al. 
(2015) enhanced the E-FEM by combining the advantages of XFEM and E-FEM. On 
one hand, non-uniform discontinuity modes is considered as in the XFEM. On the other 
hand, the traction continuity condition is accounted for in the statically optimal form as 
in most E-FEMs. 
1.2.3.3. eXtended Finite Element Method (XFEM). 
1.2.3.3.1. Proposal of the XFEM. 
eXtended Finite Element Method (XFFM) is a novel numerical technique which is 
essentially a special representation of the GFEM. Based on the idea of enriching the 
FEM approximate basis, the XFEM realizes the local enrichment of approximation 
spaces. The incorporation of any function, typically non-polynomials, can be achieved 
through employing the PUM. Consequently the conduction of XFEM provides user the 
possibility to incorporate any kind of function to locally approximate the field. These 
functions may include any analytical solution of the problem or any a priori knowledge 
of the solution from the experimental test results. XFEM is originally introduced by 
Belytschko and Black (1999) and subsequently enhanced by Moës and Belytschko 
(2002), is currently one of the most popular numerical approach utilized for the 
modelling of discontinuity in solids. 
By locally enriching the classical piecewise polynomial approximation basis within the 
finite element framework, the XFEM can thoroughly capture the non-smooth features 
independently, including jumps, kinks, singularities, inhomogeneity, etc. When 
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discontinuities or crack propagations occur, the XFEM, unlike the AMR no longer 
needs remeshing and adapting the finite element mesh. The mesh adaption process can 
therefore be substituted by introducing additional DoFs and partitioning the domain 
with some triangular and quadrilateral sub-elements, whose Gauss points were used for 
sub-integration of the domain of elements (Moёs & Belytschko, 2002). In the context 
of the XFEM, level-set method (Osher, & Fedkiw, 2001; Sethian, 2003) is generally 
used to track the crack propagation path which hires a signed distance function to 
represent the location of existing discontinuities and allows for a simple evolution of 
the crack. 
1.2.3.3.2. Basis of the XFEM: the approximate displacement field. 
The XFEM test and trial function for the Finite Element (FE) system involving 
discontinuity can thus be given as below (Sukumar & Prévost, 2003): 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (1-9) 
In which, beside the standard FE displacement approximation (first term), two 
additional enrichments are included: the first is for accounting for the discontinuity in 
the displacement fields across the crack path/surface while the second enrichment is 
for the characterization of singularity at the crack-tip located within element. Ni is the 
conventional FEM shape functions associated with node i. ui and ai are the nodal 
variables associated with node i and node j. Based on the four enrichment functions 
 (j = 1, 2, 3, 4), considers for the singular stresses and strains at the crack tip/front. 
The Heaveside step function  shown in Eq. (1-10) can generally reproduce the 
physical jump feature when material completely separate (strong discontinuities). 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa
 (1-10) 
Ω+ is the one side domain of discontinuity while the Ω— denotes the other side domain. 
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Normally, the crack tip ‘singularity’ within isotropic material can be characterized by 
the enrichment functions given in polar coordinates by (Giner et al., 2008a): 
aaaaaaa (1-11) 
Among which, the term  is discontinues, while the remaining are continuous. 
(r, θ) are the crack tip polar coordinates. Above four enrichment function are presented 
in Figure 1-13, in polar coordinates. 
 
 
Figure 1-13. Near-Tip enrichment functions.  
For orthotropic materials, due to that the material property is a function of material 
orientation, the asymptotic functions expressed as in Eq. (1-8) cannot fully describe the 
near tip displacement field anymore, which needs to be modified. To more accurately 
handle the discontinuity, a near-tip functions specified for orthotropic materials is 
proposed by Asadpoure and Mohammadi (2007), as given in Eq. (1-12): 
aaaaa (1-12) 
In which the functions gi (i = 1, 2) and θi (i = 1, 2) can be expressed as: 
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aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (1-13) 
where ej (j = 1, 2) are the material constants depending on the principle orientation of 
material. 
1.2.3.3.3. Applications and research progress of the XFEM 
The appropriate treatment for approximation space in the XFEM realizes the accurate 
characterization for non-smooth features without the dependence of mesh. The 
advantages of the XFEM have attracted the attention of many researchers. It has been 
applied in describing the crack behaviors in homogenous materials for more than 10 
years. Moës and Belytschko (2002) and Mergheim et al. (2005) combined the traction-
separation law, known as the CZM, with the XFEM to model the cohesive cracks within 
quasi-brittle materials. Sukumar et at. (2003) modelled the quasi-static crack growth 
using the XFEM. In theirs work, the computer implementation of the XFEM was also 
described in detail including the array-allocation for enriched degrees of freedom, the 
usage of geometric-based queries for carrying out nodal enrichment and mesh 
partitioning, and the assembly procedure for the discrete equations. Sukumar et al. 
(2008) also carried out a three-dimensional non-planar crack growth investigation by a 
technique coupling the XFEM and the fast marching method (FMM). In their proposed 
technique, crack propagation was conducted using the FMM. Distinguishing from a 
level-set method, no iterations nor any time step restrictions were imposed into the 
FMM. Jiang et al. (2014) analyzed the effects of voids, inclusions and other cracks on 
the dynamic stress intensity factor of a major crack using the XFEM, a couple of 
significant conclusions have been obtained. In addition to the above, XFEM has been 
applied to model fatigue damage problems (Giner et al. 2008a; Giner et al. 2008b; Li 
& Yuan, 2013), biomechanical problems (Duddu et al., 2008), fluid mechanics 
problems (Gerstenberger & Wall, 2008; Zilian & Legay, 2008), and thermal problems 
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(Dolbow & Merle, 2001), etc. For the past several years, more and more researchers 
have found the enormous potential of the XFEM in modelling the failure of composite 
structure, including delamination (Ashari, & Mohammadi, 2011; Grogan et al., 2014) 
and matrix fracture (Grogan et al., 2015; Wang et al., 2012). Modelling the multiple 
crack propagation in fibre composites using the XFEM has attracted a lot of attention 
from the societies for composites and fracture mechanics. 
Since the extensive application of the XFEM, many improvements have been reported. 
The elements that blend the enriched areas with the rest of the domain where only 
standard FEs were employed is defined as ‘blending element’ (Fries, 2008). It is 
regarded that these blending elements often require a special treatment, when 
implementing the XFEM, in order to avoid a decrease in the overall convergence rate 
which was referred as a suboptimal convergence rates due to problems in blending 
elements (Laborde et al., 2005). The enhanced strain techniques or p-refinement were 
employed in blending elements to address this deficiency in work (Chessa et al., 2003). 
Fries (2008) modified the enrichment functions such that they were zero in the standard 
elements, unchanged in the elements with all their nodes being enriched, and varying 
continuously in the blending elements. Therefore, there were no unwanted terms in the 
blending elements while the continuity of local enrichment functions was still 
maintained. This modification has assisted the XFEM to achieve optimal convergence 
and significantly improved the numerical performance. By the means of increasing the 
polynomial order of the approximation in only the blending elements, Tarancon et al. 
(2009) enhanced the interpolation of blending element on purpose of getting rid of the 
pathological terms in the approximation space of blending element. Their numerical 
results have confirmed that the enhanced blending elements always result in greater 
accuracy as well as convergence rate. A statically admissible stress recovery (SAR) 
scheme was introduced by Xiao et al. (2006) to improve the accuracy of crack tip fields. 
Moreover, some important parameters controlling the accuracy of crack tip fields using 
the XFEM and the SAR were also discussed. A locally enriched approximation was 
realized in the intrinsic XFEM proposed by Fries and Belytschko (2006), whose 
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principle distinguishing with the standard XFEM is that the DoFs of the intrinsic XFEM 
formally equal to a standard FEM approximation (no additional enrichment terms). The 
specially chosen shape functions within the intrinsic XFEM were constructed by means 
of the moving least-squares (MLS) method with an intrinsic basis vector and weight 
functions. The increased amount of computational work for the proposed method, when 
compared to standard finite element approximations, lies in the evaluation of the MLS 
functions. The intrinsic XFEM has been applied successfully in the two-fluid flows 
simulation (Fries, 2009). Currently, the XFEM has already been available in 
commercial FEM software packages such as ABAQUS (ABAQUS help documentation, 
2012). An overview of the resent development in the XFEM was given by Fries and 
Belytschko (2010). 
Hansbo and Hansbo (2004) have presented a phantom-node method to model the 
arbitrary discontinuities, which is, according to the report given in (Areias & 
Belytschko, 2006), essentially another implementation of the XFEM. In the phantom-
node approach, the description of a crack was introduced by an addition of a 
superimposed element on an existing one, namely, the external nodes called ‘phantom 
nodes’ are placed for the description of locally non-polynomial phenomena. Activation 
of the phantom node should depend on whether the corresponding element is crossed 
by a discontinuity. The XFEM，because of the introduction of symmetrically additional 
enrichments in the displacement field around the crack tip, is suitable to capture the 
high gradient singular field. While the phantom node method is only applicable to 
cohesive crack modelling where the discontinuity has to grow element-wise and the 
crack-tip can only be located at the elemental boundary. Working within the variational 
framework, K. Garikipati carried out the Variational Multiscale Cohesive Method 
(VMCM) (Garikipati & Hughes, 2000; Rudraraju et al., 2010; Rudraraju et al., 2012) 
to model and predict the crack propagation in isotropic solid and laminated composites. 
In the VMCM, a scale separation was introduced in the displacement field by coarse 
and fine scale components. The fine scale displacement was governed by the desired 
micromechanical model. The key idea of the VMCM is the identification of the fine 
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scale field with a component of the displacement that has a large gradient. To the best 
of authors’ knowledge, the VMCM method can also be recognized as a PUM based 
approach with a locally enriched approximation in the displacement field. Based on 
this point of view, the VMCM is similar to the XFEM.  
Although previous numerical approaches mentioned above have similar or different 
advantages, those approaches with the additional external nodes or degrees of freedom 
(DoFs), obviously increase the computational burden and the possibility of failed 
convergence. This would be a barrier when applying them in structural level modelling. 
Moreover, tracking the path of crack propagation is a costive job for the XFEM based 
algorithms. Attempts to incorporate such theories in large scale structural calculations, 
especially for heterogeneous materials, e.g. composites structures, are confronted with 
the challenges from computational efficiency, complexity and robustness.  
All above reviewed discrete discontinuity models, essentially are formulated by 
enriching the (continuous) displacement approximate basis of the standard finite 
elements, with additional (discontinuous) displacements, devised for capturing the 
physical discontinuity i.e.: fractures, cracks, slip lines, etc. Comparative study (Oliver 
et al., 2006) was carried out between the E-FEM and XFEM, which demonstrated that 
not only the numerical accuracy but also the efficiency of the E-FEM are evidently 
improved by the implementation of elemental enrichment rather than nodal 
enrichments required by the XFEM. This investigation provides researchers a 
possibility that the computational efficiency of DDA related models may be improved 
through reducing or even eliminating the enriched DoFs or additional nodes, so as to 
obtain a computationally efficient model. 
1.2.3.4. Other related DDAs: A‐FEM and FNM 
Recently, Yang et al. (Liu et al., 2013; Liu et al., 2014) developed an interesting 
augmented finite element method (A-FEM) that can account for path-arbitrary, 
multiple intra-elemental discontinuities with a demonstrated improvement in numerical 
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efficiency by two orders of magnitude when compared to the XFEM (Liu et al., 2014). 
In their work, a fully condensed elemental equilibrium equation with standard DoFs 
was hired to simulate the discontinuities. However, the A-FEM used four internal nodes 
employed to account for the crack displacements resulted from an intra-elemental weak 
or strong discontinuity. A consistency check algorithm was developed to calculate the 
displacement of internal nodes. As a consequence, required large computational 
resources and specified algorithm for solving the crack displacements of internal nodes 
would still be burdensome. The A-FEM has been applied in various failure problems, 
including thermal-mechanical crack propagation (Jung et al., 2016), multiple fracture 
behavior with laminated composites (Fang et al., 2011), etc. 
A floating node method (FNM) was proposed by Chen et al. (2014), in which floating 
nodes are introduced into conventional linear element to account for the presence of 
discontinuity. To the best knowledge of author, the basic idea of FNM is similar with 
A-FEM, only that the FNM does not perform the DoF condensation. Since the 
development of FNM, it has been successfully applied in prediction the response of 
delamination migration and tensile failure of FRP composite laminate (De Carvalho et 
al., 2015; Chen et al., 2016). The formulations of above two newly developed DDA 
related models are both derived based on insular element instead of a FE system. So 
the discontinuity is about to be existing between adjacent elements containing the same 
discontinuity. 
 
1.3. Limitations of current 
computational approaches for 
failure modelling 
Regarding the three main classes of reviewed numerical tools applied in modelling 
material failure, they all possess their own advantages and disadvantages. In the 
application of CDM based model, the progressive damage course is characterized by 
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failure element, via a phenomenally equivalent damage variable to quantitate the 
degradation in material stiffness, within the framework of continuum mechanics. 
Therefore, the CDM based model is incapable of providing the user a detailed crack 
path and as a consequence, it is cumbersome to access in-depth understanding of failure 
mechanisms. Contrariwise, CZM is capable of demonstrating the physical crack and 
the cohesive behavior between the crack surfaces can be represented and described by 
a traction-separation law. Nevertheless, the application of the CZM needs FEA meshes 
which must conform to the potential cracks, and the CZM is supposed to be applied in 
the way that corresponding cohesive elements are embedded along the crack path 
known as a prior to analyze progressive failure. Considering the DDA related model, a 
major drawback is the introduction of enrichment terms, such as additional DoFs or 
nodes, which may bring at least two order of the element stiffness matrix and 
consequently expensive computational cost. Sometimes, it tends to be even impossible 
to achieve convergent predictions due to the ill-conditioned stiffness matrices when 
encountering highly strong nonlinearity (Gigliotti, 2012). 
For heterogeneous materials, local stress and strain field can be significantly varied due 
to local material features, which poses special challenges to computational modelling. 
Moreover, the heterogeneity may bring more complex failure mechanisms 
(Chandrasekaran et al., 2014; Krueger et al., 2000; Xiao & Ishikawa, 2005). Fracture 
can be found during damage evolution not only on the material demarcation but also 
on other surfaces that cannot be specified a priori. Sometimes, multiple failure 
mechanisms happen simultaneously and the undergoing coupling during failure 
evolution makes predicting failure behavior on the presence of material heterogeneity 
a real challenge (Xiao & Ishikawa, 2005). Generally, the failure characteristic of 
heterogeneous materials is at the same scale with the configuration of heterogeneity. 
As a consequence, the continuum damage strategy, based on the homogeneity 
assumption in simulations (Miami et al., 2007), always performs struggling 
encountering material heterogeneity, such as FRP composites. In summary, the main 
challenge in modelling composite structures, which is critical to composite structural 
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safety and durability, is how to accurately account for the initiation and propagation of 
damage or the progressive failure behaviors and their deterioration effects into 
structural integrity in a quantifiable way. Basically, not only the accuracy of prediction, 
but also the numerical efficiency when conducting modelling is significantly essential 
for design in practical engineering. But unfortunately, to the best knowledge of author, 
currently existing numerical tools all possess their own drawbacks and limitations. 
 
1.4. Research Goal 
This study is concerned with exploring the possibility of carrying out an FEM based 
numerical approach that could characterize the complexity of failure within 
engineering materials, especially for the composite materials, with sufficient accuracy, 
efficiency and robustness. The proposed model can enable people to obtain a thorough 
understanding of the coupled multiple damage mechanisms within solids and achieve 
optimized structure design by recourse to the prediction regarding the material failure 
process and its effects on macroscopic mechanical behavior. To achieve this purpose, 
we will dedicate this work to the development of an efficient Extended Cohesive 
Damage Model (ECDM) based numerical platform that can deal with arbitrary damage 
evolution and their coupling in homogeneous as well as in heterogeneous materials. In 
the derivation of the ECDM, we will devote our investigation to eliminate the enriched 
DoFs or additional nodes without loss of numerical accuracy in accounting for arbitrary 
intra-element crack propagation. The micro-mechanical cohesive damage model will 
be embedded into the damage model to describe the nonlinear evolution of interface 
behavior within cohesive zone in front of a strong crack. Due to the elimination of the 
enriched DoFs, we need to introduce an equivalent damage factor with respect to strain 
field to characterize the failure status of material so as to avoid the presence of 
interpolation with additional DoF. The anticipated advantages of this novel ECDM in 
comparison with other parallel damage modelling approaches are: 1) permitting 
modelling crack propagation without the dependence of mesh topology, 2) offering 
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greatly improved numerical accuracy, efficiency and robustness, 3) driving the damage 
factor based on the thermal dissipation enables the model conforms with 
thermodynamic consistency. In addition, it will also be demonstrated that the derived 
ECDM formulations can be easily implemented into any standard FE package, 
including commercial software package as an add-in to the element library. The 
outcome of the research will provide a greater understanding on failure mechanisms 
within engineering material and provide a reliable numerical approach for failure 
modelling of large scale specimen at structural level, in which a large amount of 
computational cost is required. The features of ECDM will provide people with a 
prospect tool to efficiently characterize arbitrary material heterogeneity and the 
progressive damage/debonding evolution along material interfaces and account for 
coupling of multiple mechanisms in a physically consistent manner. 
 
1.5. Outline 
The thesis is organized as follows: Chapter 2 will propose the kinetics of basic problem 
we plan to study and then give the detailed derivation of the equilibrium equations of 
proposed ECDM, including how to embed the micromechanical CZM into a regular 
continuous element based on the framework of the XFEM and then eliminating the 
additional unknowns by accounting the effects from enriched degree freedoms and 
corresponding cohesive force into the equivalent stiffness matrix in the final 
equilibrium equations of the ECDM. In Chapter 3, the numerical implementation of the 
ECDM will be conducted. The ECDM will be programmed as a user element into the 
commercial FEM package ABAQUS. All the aspects respective to the implementation 
of the ECDM will be introduced in detail, including the elemental formulations, 
numerical integration scheme, nonlinear solving algorithm, etc. Chapter 4 and Chapter 
5 will present some numerical examples modelled by the ECDM and compared the 
ECDM simulation with experimental data and XFEM simulation through ABAQUS 
for evaluating the performance of the ECDM. The purpose of these two chapters is to 
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assess the performance of the ECDM in characterizing the arbitrary propagating 
discontinuity in engineering materials. The superiority of the ECDM in computational 
accuracy, efficiency and robustness will be evaluated in detail by the numerical 
modelling of benchmark tests and comparative analysis. Finally, Chapter 6 gives 
conclusion to the ECDM with major highlights or achievements, and the future work 
including application of the ECDM in simulation of multiple crack and multiple layered 
delamination in fibre composites. For the sake of completeness and comprehensiveness 
of the document and to give a reader a further knowledge about the proposed ECDM, 
the existing limitations of the ECDM will also be discussed and some potential 
approaches to address the limitations will be conducted. 
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Chapter 2 
Theoretical Formulations of the 
ECDM 
 
2.1. Overview 
As has be reviewed, based on the notion of partition of unity implemented locally, the 
development of DDAs, such as XFEM, has made it a reality to model discontinuities 
and singularities independently of the discretization of mesh topology. However, the 
inherent drawbacks of XFEM, e.g. additional DoFs, may significantly increase the 
computational burden and sometimes the convergence rate of the model will be very 
slow when encountering problems with strong nonlinearity. This limitation is also 
obvious for other existing discrete discontinuity methods. To overcome this limitation 
and improve the computation efficiency of numerical material failure modelling, in this 
work, we will develop a new damage model, named as Extended Cohesive Damage 
Mode (ECDM), with which it is expected that the propagating discontinuity 
characterization can be achieved with the standard Degree of Freedoms. The purpose 
of developing the ECDM is to provide a reliable numerical tool for engineering 
predictions of large scale structures with complex failure problems. This chapter is 
devoted to propose the basic theoretical formulas, as a foundation of the proposed 
ECDM. Before exploring the development of the ECDM, it is necessary to first put few 
comments on standard finite element method. 
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2.2. Finite Element Method, FEM 
In Chapter 1, we have briefly described the basic fundamentals concerning the FEM. 
In FEM, the continuous domain to be solved is discretized as a combination of a set of 
elements and then the hypothesis of approximate function groups within each element 
is used to represent the solution domain to be solved for the unknown field function. 
An approximate field is usually expressed by the numerical interpolation of field 
functions and their derivatives in each node of the element. By doing so, a continuous 
problem with infinite DoFs can be converted into a discrete finite DoFs problem. 
 
(a) A 1D body domain Ω. 
  x1e convertedex2econvertedecox3econvertedecx4e convertedcx5 
 
(b) FEM dicretazation topology of the domain Ω. 
 
								߶ଵeconvertede߶ଶeconvertedec߶ଷeconvertede߶ସeconvertedec߶ହ 
 
 
 
 
 
   ω1convertedecnvert				eω3convertedeccon			vertω5 
(c) Images of Shape functions ߶௜ and theirs supports. 
      Figure 2-1. A finite element method analysis of a 1D body. 
In order to explain the basic theoretical framework of the finite element technique, a 
1D model example can be adopted to carry out the discussion for the illustration of 
FEM. Consider a 1D body with domain (see Figure 2-1(a)), in order to solve the 
problem of this continuous problem by FEM, we need to firstly conduct the finite 
element discretization. Herein, the 1D domain Ω shown in Figure 2-1 is discrete into 
Ω 
ω2 ω4 
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sub-domains Ω = [Ω1; Ω2; Ω3; Ω4] (see Figure 2-1(b)). Therefore, totally four elements 
are discretized in this finite element system. In the mesh configuration, all nodes are 
set at the vertices of each element. So that there are totally five nodes for this FEM 
system. The coordinates of the nodes in the 1D system are xi = [x1, x2, x3, x4, x5]. Then 
we can associate with each node a shape function (field function), which is adopted for 
displacement field interpolation, to approximate the continuous displacement field in 
the domain Ω. For each node associating with a specific shape function, the support 
has been determined by the union of connected elements. As illustrated in Figure 2-
1(c), the supports can be written as ωi = [ω1, ω2, ω3, ω4, ω5], in this 1D discretized FE 
system. 
Herein we denote the shape function for node i as ߶௜ . The selection of the shape 
function ߶௜ is of essential importance for the implementation and accuracy of FEM 
solution. After the selection of shape functions, the local approximation uh of 
displacement field of the above 1D domain can be expressed by the linear interpolation: 
ݑ௛ሺݔሻ ൌ ∑ 	߶௜	ሺݔሻݑ௜ହ௜ୀଵ aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-1) 
in which ui is the displacement solution for the node i. By above interpolation, the 
solution of local field can be approximated well. The proper selection of shape function 
can effectivly reduce the error ‖ݑ െ ݑ௛‖ஐ , i.e. the different between the real field 
variable and the approximate interpolation. For the purpose of minimizing this error, 
the shape function ϕ௜ is normally selected to satisfy the following condition of unity 
of partition, which reads as: 
∑ ߶௜ሺݔሻ ൌ 1௡௜ୀଵ aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-2) 
Above equation provides a reproducing condition for FEM, and it can be declared that 
the standard shape functions of FEM obviouly possess a property of Partition of Unity. 
Observing the above feature in Eq. (2-2) of the shape functions, several characteristics 
for the standard FEM shape function can be summarized as below: 
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a) For the 1D body shown in figure 2-1, uder the rigid body motion, there should not 
be any strain in elements caused by structural displacement. Therefore, using the 
constant value of ui=u0 prescribe on all the nodes, the displacement basis in Eq. 
(2-2) should result in a constance displacement approximation on any position of 
the 1D body, which is ݑ௛ሺݔሻ ൌ ∑ ϕ௜ሺݔሻݑ௜ ൌହ௜ୀଵ ሺ∑ ϕ௜ሺݔሻሻݑ଴ହ௜ୀଵ . Due to that the 
shape fuctions satisfy the reproducing condition expressed in equ(2-2), then the 
local approximation on any location can be ݑ௛ሺݔሻ ൌ ݑ଴. 
b) The value of shape function is 0 on the boundary of the shape function support. 
The approximation on the node i is identical with its real value ui 
c) The soothness of local basis function (shape function) can be inherited in the 
approximation space, as well as local approximation properties of the space ݑ௛|ஐ೔, 
due to that the global approximate bisis is the linear interpolation of shape 
functions, as shown in Eq. (2-1). 
By above description, we can have a basic understanding on the theoretical framework 
of standard FEM. Currently most discontinuity damage approaches are developed in 
the framework of FEM. So that all the advantages of standard FEM can be completely 
inherented. Based on the framework of standard FEM, similar to the development of 
XFEM, the formulation derivation of the propsoed ECDM will be carried out. 
 
2.3. Derivation of the ECDM 
equilibrium 
2.3.1. Kinematics of cohesive crack problem 
Herein, the ECDM will be proposed and implemented specifically to deal with cohesive 
crack problem. So that it is necessary to give a primary introduction on the kinematics 
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of cohesive crack problem. In structural analysis, discontinuities can be found in 
various forms, such as material interfaces, cracks, voids and inclusions, etc., among 
which, typical examples of strong and weak discontinuities are, respectively, cracks 
and interfaces between different domains or materials (Belytschko & Black, 1999; 
Duarte et al., 2001). In a 2D continuum , consider a discontinuous physical domain 
, whose outward normal vector n, the domain Ω is intersected by a cohesive 
crack d with normal vector m, as shown in Figure 2-2(a). Such that the domain is 
divided into two subdomains which can be represented as Ω+ and Ω-, respectively, as 
shown in Figure 2-2(b). The existence of crack results in the presence of two coincident 
internal boundaries + d and - d , between which the cohesive effect is regarded active. 
The cohesive traction is denoted as t. In addition to these internal boundaries, the 
prescribed external surface tractions t ̅ are imposed on boundary t and the prescribed 
displacements u on boundary u. Omitting the body/volume forces, the strong form of 
the equilibrium equation can be written as: 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa(2-3) 
Where σ is the Cauchy stress tensor. The boundary conditions for the domain Ω are: 
 (on t) aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-4) 
 (on u) aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-5) 
Due to the presence of cohesive segment, additional boundary conditions are imposed 
on the discontinuous boundary + and -, which can be expressed as below: 
 (on + d ) aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-6) 
 (on - d) aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-7) 
2R
2R
Div 0σ
 n t
u u
    +t n t
   -t n t
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According to the traction-separation law (Needleman, 1987), the traction t, known as 
cohesive force, can be obtained from the functions with respect to the relative 
displacement (the gap) between the crack surfaces + d and - d. 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-8) 
in which,  stands for the relative displacement between two boundaries of 
discontinuity. The above equation basically serves as the nonlinear model of the surface 
response when discontinuity onsets. 
In the condition of small deformation and small strain, the mathematical relationship 
between displacement and strain field can be expressed by the symmetric part of the 
displacement gradient: 
ઽ ൌ ׏௦ܝaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-9) 
in which ઽ is the linear strain tensor. The elastic behavior of the linear material is 
assumed to be satisfied no matter the material is or is not failed, so that the Hook’s law 
can be applied as the constitutive equation of material: 
ો ൌ ોሺઽሻ ൌ ۲ઽaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-10) 
where D is the elastic material stiffness tensor. The space of admissible displacement 
field is given as ܝ ∈ ܃. The admissible displacement field should satisfy all of the 
boundary conditions, which are, ܝ ൌ ሼܝ|ܝ ∈ ܪଵሺΩሻ, ݑ ൌ ݑሽ. In the same way, the test 
function is given as ૑ ∈ ܃, the test displacement field should also satisfy all of the 
boundary conditions, which is,  ૑ ൌ ሼ	૑|	૑ ∈ ܪଵሺΩሻ, ߱ ൌ ݑሽ. 
( )t t

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Figure 2-2. Notation for a 2D domain with an arbitrary discontinuity d. 
While the cohesive tractions are present within the specified segment of crack, the total 
potential of the body is supposed to take account for the contribution from cohesive 
tractions transferred through the discontinuous surfaces. According to the principle of 
virtual work (Zienkiewicz et al., 1977), the weak form of equilibrium equation (Eq. (2-
3)) is then given as: 
aaaaaaaaa (2-11) 
In the above weak form, ω and u are respectively the test displacement space and the 
admissible displacement space in which we seek for the solution to satisfy this 
boundary value problem. 
2.3.2. Displacement field and shifted Heaviside function 
The theoretical derivation of the ECDM starts from the approximate basis of XFEM 
without taking the crack-tip singularity into account, which means a crack must cross 
an element during the propagating process. There will be no need for special treatment 
for crack-tip singularity problems because a ductile cohesive damage law is employed 
anywhere in the mesh in which any element is available to hold the crack-tip with 
restrained stress by the cohesion. A previous investigation given by Liu et al. (2014) 
has reported that the ignorance for crack-tip singularity will not influence the result for 
 : ( ) 0
t d c
d d d d                    ω u ω t ω t ω  t
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crack propagation, as well as the overall response. Chen (2014) has also recently 
investigated the basic concept of combining the XFEM with the CZM without using a 
specified enriched item to cope with the singularity problem at crack-tip. The proposed 
approach is based on the displacement approximation of XFEM for a 2D cracked 
homogeneous domain , as shown in Figure 2-2, the XFEM test and trial 
functions can thus be given as: 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaabaaa (2-12) 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-13) 
in which us(x) and a(x) stand for, respectively, the regular displacement field and the 
displacement jump in the test displacement space, while ωs(x) and c(x) stand for, 
respectively, the regular displacement field and the displacement jump in the trail 
displacement space.  is a step function serving for characterizing the 
physical jump once the specified element is completely separated (strong 
discontinuities). In FEM discrete form, the approximation of displacement jump, can 
be represented by a Heaviside function (Moës and Belytschko, 2002), which reads as: 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-14) 
where, Ω+ stands for the domain on one side of the discontinuity, while the Ω— is the 
other side domain. Let the node set I contains set of all nodes, and J contains the set of 
enriched nodes. As introduced in the basic theoretical framework of FEM, the 
displacement approximation of the domain to be solved can be obtained by numerical 
interpolation about the shape functions and nodal solutions. Therefore, in the test and 
trail displacement field, the contributions of standard displacement field can be 
interpolated as: 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-15) 
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aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-16) 
in which Ni denotes the shape function associated with each node i in the 2D FE 
discretization. While the contributions of the displacement jump on the test and trail 
displacement field can be calculated using the Heaviside function as shown in Eq. (2-
14), by the expression: 
 ( ) ( )
d dj i
i J
S te p N 

 x a (x ) x x aH aaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-17) 
 ( ) ( )
d dj i
i J
S tep N 

 x c(x) x x cH aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-18) 
Using standard FEM shape functions, we already know that they possess the property 
of partition of unity, so we shall use the same interpolation functions (shape functions) 
as our field functions of interpolation of standard displacement field and jump 
displacement field. However, it should be noted here that any other different function 
could also be used as a partition of unity function until and unless it satisfies Eq. (2-2). 
Although the displacement jump can be well reproduced by the Heaviside function and 
meanwhile the properties of PUM can be retained, for the approximate basis using the 
Heaviside function, the Kronecker-δ property (i.e., NI (xJ) = δIJ) cannot be satisfied, 
which requires the imposition of essential boundary conditions. Moreover, the total 
DoFs ui of an enriched node i are the summation of the standard DoFs ui and the 
enriched contribution , rather than the physical solution of the nodal 
displacement. Thus the interpretation of displacement results is generally difficult 
(Giner et al., 2009). A serious similar problem is also raised by the phantom node 
method (Zi et al., 2008; Song et al., 2006). 
An enriching scheme with “shifted” Heaviside function, expressed as 
, is accepted in this investigation for retaining the Kronecker-δ 
property as the term in displacement interpolation respective to the enriched degree of 
freedom or enrichment is zero at any node, which is illustrated by a one dimensional 
 ( )s i i
i I
N

x x 
( )
d i x aH
( ) ( )
d d i x xH H
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(1D) FE discretization as shown in Figure 2-3. This displacement basis with shifted 
Heaviside function can also been found in other researchers’ work relating to the 
XFEM (Giner et al., 2008b; Fries & Baydoun, 2012). The introduction of shifted 
Heaviside function does not alter the approximating basis while simplifies the 
implementation attributing to that resulting enrichment vanished in the elements which 
are not cut by the discontinuity. The approximate displacement basis with the “shifted” 
enrichment is expressed in Eq. (2-19) 
    ( ) ( ) ( )d dh i i j i i
i I i J
N N  
 
   u x x u x x x aH H aaaaaaaaaaaaaaaaaa (2-19) 
where  is the positional coordinate for the ith node.  
 
Figure 2-3. The representation of the discontinuity by the shifted enrichment in a 1D FE 
discretization. 
Herein, we may describe the fulfillment of the concept of modelling a crack with the 
shifted Heaviside function in one dimension. In Figure 2-3(a), supposing the left side 
of the interface is Ω-, and the right side is Ω+, the internal displacement via the 
characterization of shifted Heaviside function for right and left domain can be 
illuminated as shown in Figure 2-3(b) and Figure 2-3(c), respectively. The value of 
Heaviside function at the given nodes 1 and 2 are defined as:  and 
ix
1( ) 1d x H
(a) (b) 
(c) (d) 
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, respectively. The graphic of the standard DoF term is  
which is presented by the dash line in Figure 2-3(d); thus the enriched term can be 
expressed by Eq. (2-20).  
aaaaaaaaaaaaaa (2-20) 
In fact, the combination with two enriched items in Eq. (2-20) results a real 
displacement with a jump u as shown in Figure 2-3(d). This shifted enrichment 
successfully ensures that the value of displacement basis at any nodes is single-valued 
for any crack geometries. It should be noted that the enriched contribution vanishes at 
enriched nodes, but not at material integration points. In addition, the properties of 
PUM is still retained with the introduction of shifted Heaviside function. 
2.3.3. Discrete form of the equilibrium equation 
Substituting the test and trail displacement field into the weak form of equilibrium 
equation from Bubnov-Galerkin method (Zienkiewicz et al., 1977), the discrete form 
of equilibrium equation for static analysis can be written as shown in Eq. (2-21). 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-21) 
where, Kuu, Kaa, Kua and Kau are the stiffness matrix associated with the standard FE 
approximation, the enriched approximation and the coupling between the standard FE 
approximation and the enriched approximation, respectively.  and  are the 
equivalent nodal force vectors.  is for the standard FEM freedom degrees, while 
is related to the enriched DoFs. The subscript ext refers to the force vector 
contributed from external load. u denotes the vector including Standard DoFs while the 
enriched DoF is signified by a. Each detailed sub-matrix of stiffness in Eq. (2-22) is 
given as below.  
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aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-22) 
where D is the constitutive matrices for material behavior, B is the deformation gradient 
matrix produced for strain calculation. In the discretized 2D domain, 
 aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-23) 
Where, , 
and the Ba is the deformation gradient matrix corresponding to the enriched DoFs: 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-24) 
In section 2.1, it has been described that the crack existing within the 2D domain shown 
in Figure 2-2 is treated as a cohesive crack, then the discontinuous boundary can be 
recognized as a cohesive crack boundary, i.e. . In Eq. (2-21), the 
equivalent nodal force vectors without body force can be expressed as: 
aaaaaaaaaaaaaaa (2-25) 
 is the external traction prescribed on the domain under investigation, as shown in 
Figure 2-2. Because of the presence of cohesive segment, the internal nodal force vector, 
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due to cohesive traction t shown in Figure 2-2 on the crack surface , can be 
expressed as: 
 (2-26) 
where N is interpolation function associated with the enriched DoFs. Herein, this 
matrix is in the same form with the shape function matrix associated with the standard 
DoF related to the corresponding node. 
Substituting the expression of equivalent nodal force vector in Eq. (2-25) into Eq. (2-
21) results the detailed ECDM’s discretized equilibrium Eq. (2-27), expressed as below. 
aaaaa (2-27) 
 
2.3.4. Condensation of equilibrium via eliminating the 
enriched DoFs 
With the purpose of reaching a fully condensed equilibrium system, the term a related 
to additional enrichments will be eliminated here. In order to achieve this purpose, we 
calculate the inverse matrix of submatrix Kaa, by substituting which into Eq. (2-27), 
the presence of enriched DoF a can be completely avoided. Thus the resultant 
equilibrium equation with only the standard FEM unknown quantities can be 
consequently obtained, which can as shown in Eq. (2-28).  
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In the equation above, the nodal force on additional DoFs attributing to the contribution 
of the external load is denoted as . Suppose the external nodal force arrays in Eq. 
(2-26) can be expressed by Eq. (2-29),  
1 1
Tu u u u u u
ext i j k m m
f f f f f          f aaaaaaaaaaaaaaaaaaaaaa (2-29) 
which is a m by 1 vector, and 
1
Ta a a a
ext i j k n
f f f      f  aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-30) 
which contains n factors. m and n are the number of standard DoFs and additional DoFs, 
respectively. Then a transformation matrix is required to be introduced in order to 
replace the  by the  in Eq. (2-28). This transformation matrix should 
constructed to be as: 
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where, if the node i is not enriched, then mi equals 0, while it is enriched, mi are the 
ratios between and . These ratios are actually transformation factors. In structural 
stiffness matrix, the M will be n*m order. M is a diagonal matrix, who has non-zero 
elements only in the diagonal running from the upper left to the lower right. All the 
transformation factors are in the diagonal running. With this matrix, the required 
transformation can be expressed by Eq. (2-32).  
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-32) 
Substituting Eq. (2-32) into Eq. (2-28) results: 
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aaaaaaa (2-33) 
Then, the equivalent equilibrium equations with standard FEM degree freedoms can be 
expressed as shown in Eq. (2-34). 
aaaaaaaaaaaaaaaaaaaaaaa (2-34) 
In Eq. (2-34), the calculation of the equivalent nodal force due to the existence of 
internal cohesive segment for a cracked element is given by Eq. (2-35). 
aaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-35) 
These equations (2-21) to (2-35) have achieved an elimination process in producing a 
condensed equilibrium equation to solve the boundary value problem containing 
discontinuity, as shown in Figure 2-2. 
 
2.4. Embedment of the cohesive zone 
damage model in the ECDM 
Once the formulations of condensed discrete equilibrium of the ECDM are completed 
as given in Eq. (2-34), it is required to conduct a proper evolution law for characterizing 
the progressive failure development of nonlinear cohesive segment. 
The bona fide fracture parameters, such as fracture toughness and tensile strength, are 
the fundamental properties of materials which can be adopted to measure and 
characterize the fracture of engineering materials. As aforementioned, in this work, to 
describe the evolution of fracture course within materials, CZM will be employed here 
to characterize the nonlinear cohesive segment evolution transferred across the 
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discontinuity. Cohesive models furnish a complete theoretical framework of fracture, 
and permit the incorporation of all fracture parameters into the material description. By 
focusing specifically on separation process, a sharp distinction is drawn in cohesive 
theories between fractures, which can be represented by recourse to the relationship 
between separation and cohesive tractions, which is known as the cohesive softening 
law. This is described through a set of constitutive relations independent on the 
material’s characteristic constitutive equation, so called cohesive laws. The use of 
cohesive models is therefore independently with material behavior, so that its 
application is not limited by the constitutive equation of elastic material. Moreover, it 
can be combined with the finite element model with various finite kinematics, non-
proportional loading, dynamics, or the geometry. 
According to the theory of CZM, the cohesive traction  contains two 
components, which are normal traction and shearing traction, respectively. As a 
function of the damage factor d in both normal and tangential directions at crack surface, 
the cohesive traction t may decrease monotonically from initial value t0 to zero, which 
is mathematically expressed by Eq. (2-36).  
,   aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-36) 
where t0 is the cohesive traction when crack starts propagating. The initial traction t0 is 
essentially equivalent to the initial stress σ0 once the material failure criterion is met. 
The detailed calculations of the initial cohesive traction will be given in the following 
chapter devoted to the implementation of present ECDM. 
The cohesive tractions in the above equations are given in the directions n and s at crack 
surface, which is schematically illustrated in Figure 2-4. The surface traction t between 
the crack surfaces can be decomposed into one component along the normal direction 
en and another component along the tangential direction es. In the ECDM, the normal 
traction component tn and the shearing traction component ts are supposed to account 
for the status of cohesion between the crack surfaces within material medium.  
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Figure 2-4. The existence of surface cohesive traction, t, and the normal and tangential unit 
vectors donated by en and es.  
It can be seen from Figure 2-4 that the coordinate of the cohesive traction relies on the 
direction of crack tip and is generally not in accordance with the global coordinate 
system of the 2D domain. Therefore, in the ECDM derivation, the transformation of 
coordinates from local coordinate n and s to x and y (global coordinate) is necessarily 
required and expressed by Eq. (2-37). 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-37) 
where the transformation matrix [R] in 2D domain is given by: 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-38) 
θ is the angle between the coordinate n-s (local coordinate) and the coordinate x-y 
(global coordinate). There is not a physical relative displacement  before a crack 
formed within an element. When the damage increases, the cohesive traction decreases, 
following specified softening damage law as shown in Figure 2-5. Two cohesive laws 
are widely used in describing the evolution of cohesive failure, which are linear 
softening scheme (Camanho et al. 2003) and exponential softening scheme (Needleman 
1987), respectively, as shown in Figure 2-5. In the linear softening scheme, the 
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cohesive traction will be reduced linearly with the increase of the relative displacement 
until a constant amount of energy is dissipated, which attributes to the crack tip 
separation. The softening behavior of cohesion follows an exponential relationship in 
the exponential softening scheme shown in Figure 2-5(b) and the propagation is also 
controlled by dissipation of fracture energy. Thus, in the framework of CZM, these two 
cohesive evolution laws can be mathematically expressed as functions of the relative 
displacement between crack surfaces and fracture toughness, respectively. Normally, 
the released fracture energy during cohesion evolution as shown in the gray part in 
Figure 2-3 should be used to describe the crack propagation. Therefore, in Eq. (2-36), 
the damage factor d for cohesive behavior along the crack, within the characterization 
of linear softening scheme can be expressed as: 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-39) 
In Eq. (2-39), Gc is the fracture toughness of material, is the crack length of the 
failed element, accounting from the starting point to the end point of the crack within 
the failed element, within which, the failure status is considered to be coincident. 
Detailed calculation of  within a failed element will be given in the following 
chapter; Gc is the fracture toughness of material. As shown in Eq. (2-39), the damage 
factor d is a function of the displacement jump  between crack surfaces relating to 
the additional DoFs. The displacement jump  is required to obtain the status of 
cohesive segment by calculating the damage factor d, and determine if d=1 then the 
cohesive traction vanishes, and the cohesive segment behaves as a strong discontinuity 
(element loses the cohesion completely). Nevertheless, as demonstrated in the 
derivation of the ECDM, eliminating the enriched DoF has resulted in the vanishing of 
relative displacement in the ultimate solution, which leads to a difficulty in recognizing 
the softening status of cohesion. 
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Figure 2-5. Micromechanical cohesive damage law: (a) linear softening scheme and (b) 
exponential softening scheme. 
To overcome the above mentioned difficulty, in this proposed ECDM, a new equivalent 
damage factor based on the dissipation of strain energy is proposed to avoid the 
appearance of the additional DoFs related displacement gap . In the ECDM based 
FEM modelling, it is expected that the degradation of cohesive zone will present a 
macro behavior of strain softening. So that the strain energy dissipation due to the 
occurrence of fracture is supposed to be equivalent to the released work done by 
cohesive traction. Based on this consideration, the macro performance of material with 
bilinear cohesive softening law and exponential cohesive softening law is supposed to 
follow the specified schemes with similar curve shape, as demonstrated in Figure 2-6(a) 
and Figure 2-6(b), respectively. Therefore, in the utilization of the ECDM, the damage 
variables in Eq. (2-39) can be expressed correspondingly by a released strain energy 
which is shown in Eq. (2-40). 
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for linear softening or exponential softening scheme, where,  and , respectively, 
the initial damage stress and strain when the damage onsets. The numerator in Eq. (2-
40) is actually the integration of the gray part of the area under the softening curves in 
Figure 2-4, while the denominator in Eq. (2-40) is the total dissipation equivalent to the 
total area under the curves. A is a parameter expressed as , in which S is 
the area of stain softening region within the 2D domain. Herein a softening constitutive 
law is used for reducing the cohesive traction, i.e. . Bringing this 
calculation into Eq. (2-40), an explicit expression of the equivalent damage factor can 
be achieved as shown below. 
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Figure 2-6. Macro material constitutive behavior: (a) under linear softening scheme and (b) 
under exponential softening scheme. 
It should be noticed that the damage factor d in Eq. (2-41) is a function with respect to 
strain field only, which has no need to calculate the additional DoFs related 
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displacement gap . In the rest of formulations, only the bilinear softening law is 
selected to account for the evolution of cohesive segment. Basically, the model with 
exponential softening law can be derived with the same procedure. 
In order to simplify the problem, it is assumed that there is no distributed external load 
applied on the cracked element, thus the transformation matrix M would be a zero 
matrix. Then using the Eq. (2-26), Eq. (2-36) and Eq. (2-41), the nodal force given in 
Eq. (2-35) with the existence of cohesive traction at the crack can be expressed as: 
aaaaaaaaaaaaaaaaaa (2-42) 
 
2.5. Condensed equilibrium of equations 
Herein, an operator  is introduced into Eq. (2-42) for the purpose of obtaining the 
condensed equilibrium of equations. The operator is expected to possess the feature of 
. Considering the symmetric property of stiffness matrix, the operator  
is constructed as below (Bratteli & Robinson, 2012): 
aaaaaa (2-43) 
Using this operator, Eq. (2-42) can be rewritten as Eq. (2-44): 
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aaaaaaaaaaaa (2-44) 
Considering a convenient expression, the following two symbols can then be defined. 
aaaaaaaaaaaaaaaaaaaaaaaaaa (2-45) 
Using Eq. (2-45), the nodal force vector can be simplified as shown in Eq. (2-46).  
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (2-46) 
Substituting Eq. (2-46), for calculating the cohesive nodal force, into Eq. (2-34), the 
final condensed discrete form of equilibrium equation can be expressed by Eq. (2-47). 
aaaaaaaaaaa (2-47) 
Now the ultimate expression of basic equilibrium of the ECDM without the enriched 
or additional DoFs has been obtained, in which the nonlinearity must be accounted 
because of CZM embedded. The fully condensed stiffness matrix and the right hand 
side (i.e. the nodal force vector) are constructed at elemental level and transferred into 
ABAQUS to assemble the system equilibrium. Following the general route in solving 
nonlinear equilibrium equations, a nonlinear incremental iterative procedure is 
performed using the displacement control and Newton Raphson algorithm in 
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conjunction with line search scheme (Bertsekas, 1999) provided by ABAQUS to carry 
out nonlinear iteration. As far as authors know, this combined technique is widely used 
in iteration procedure for solving strong nonlinearity. Numerical iteration will end 
when the residual nodal force reduces to the prescribed tolerance. It should be noticed 
that the sub-matrix Kaa in Eq. (2-47) is symmetric but not necessarily invertible, hence 
the generalized inversed matrix (Moore–Penrose pseudoinverse) (Wang et al., 2004) 
needs to be applied to complete the calculation of the inverse matrices of Kaa. The 
ECDM formulation is a lower order equilibrium system comparing to the standard 
XFEM, which permits nodal displacement calculation of the cracked element using 
standard FEM DoFs only. This proposed rigorous mathematical procedure can fully 
cover the damage evolution from a weak discontinuity to a strong discontinuity. 
It should be noted that, in the condensed ECDM equilibrium, the presence of enriched 
DoFs has be completely avoided and the implicit form of stiffness matrix has accounted 
for the cohesive softening by embedding the cohesive damage model. Figure 2-6 
presents the cracked element topology for different approaches including XFEM, 
ECDM and CZM. It can be seen from Figure 2-7 that the ECDM (see Figure 2-7(b)) is 
only with standard DoFs u, while for the XFEM (see Figure 2-7(a)), an additional DoFs 
a is contained at each node. In the case of CZM shown in Figure 2-7(c), although all 
the nodes are with the standard DoFs, embedding cohesive element requires the 
introduction of new nodes, which essentially increases the number of DoFs in FE model. 
The approximations of the element deformation on the presence of a crack using 
different schemes are also illustrated in Figure 2-7. In the ECDM scheme, the nodal 
displacement can be solved accurately, but unfortunately the physical displacement gap 
(the dot line in Figure 2-7(b)) cannot be presented in ultimate result. 
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Figure 2-7. The characterization of crack by different approaches: (a) XFEM, (b) ECDM and 
(c) CZM. 
 
2.6. Summary 
This chapter is dedicated to develop the formulations of the ECDM. The derivation of 
the ECDM is started with the conventional XFEM’s approximate displacement basis. 
After the equilibrium of the enriched FEM is obtained, the condensation of the stiffness 
matrices is carried out by implementing a generalized inversed matrix (Moore–Penrose 
pseudoinverse) of Kaa, which is the sub-matrices relating to the enriched DoFs. By 
doing so, the enriched DoFs can be completely eliminated and consequently the 
ultimate equilibrium is only with the standard DoFs. This condensation is expected to 
provide significant improvement in computational efficiency. Regarding the crack 
(a) 
(b) 
(c) 
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evolution, the cohesive damage model is employed to characterize this nonlinear 
process. The ECDM defines the cohesive crack path at a low scale in equilibrium 
equations and enables the local enrichments of approximation spaces without enriched 
DoFs. In this developed ECDM, a new equivalent damage factor with respect to strain 
field is introduced to avoid the appearance of enriched DoFs, and to substitute the 
conventional characterization in the approximation of displacement jump. The 
derivation of the equivalent damage factor is based on the energy dissipation during the 
post-failure process to characterize the damage evolution. Therefore, the 
thermodynamically consistent nature of failure process is guaranteed. The development 
of the formulations of the ECDM has be published in the paper (Li & Chen, 2017) 
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Chapter 3 
The Implementation of the 
ECDM and Validation 
 
3.1. Overview 
In the engineering field, one of the major concerns is to develop numerical tools in 
dealing with stress analysis problems with cumbersome structural shapes and material 
nonlinearity. The compatibility of the numerical tool with other tools already developed 
is also of significant importance to its further application in practical engineering fields. 
As presented in Chapter 2, the development of the ECDM possesses the potential to 
provide a significantly efficient computational approach to characterize the crack 
propagation within engineering materials. In the present research, the commercial FEM 
package ABAQUS will be adopted as the platform for the implementation of the 
ECDM as it provides powerful pre-procession tool and a large element library as well 
as different material property options for different types of analysis. It also contains 
different options for modeling contact surfaces and adaptive mesh analysis of structures. 
More importantly, a major interest of employing ABAQUS for modeling the material 
failure with the ECDM is its flexibility for linking the user element subroutines to its 
strong nonlinear solver (ABAQUS help documentation, 2012). 
In this chapter, we will implement the ECDM, whose theoretical derivation has been 
completed in chapter 2, as a 2D quadrilateral element in the ABAQUS. The general 
purpose user element will be programmed by a subroutine UEL in ABAQUS, and the 
implementing related data structure, propagation tracking procedure, numerical 
integration, and equation solving algorithm will be presented in detail. Finally, the 
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validation of the developed ECDM user element using single element test and 
delamination benchmark specimens will be presented. 
 
3.2. Implementing the ECDM in 2D 
coordinates 
3.2.1. The ECDM formulas of a 2D 4-node quadrilateral 
element 
In Chapter 2, the derivation of the ECDM formulations is generally within a FEM 
structural system, which means there is no any barrel to implement it in 1D, 2D, or 3D 
computational simulations. In this work, we implement the ECDM in 2D coordinate 
system. We use the Voigt’s notation in the following fundamentals of the ECDM, by 
doing so, it will be convenient for programming by FORTRAN computer language. 
In order to handle all the elements with a uniform procedure, the element is firstly dealt 
in parent coordinate (nature coordinate), and then transformation can be performed 
from parent coordinate to physical coordinate. In Figure 3-1, a 2D quadrilateral 4-node 
element in physical coordinate is presented, as well as the corresponding element in 
nature coordinate. 
To implement the ECDM as a 2D quadrilateral element, the initial job is to choose 
appropriate shape functions to conduct the displacement interpolation, as shown in Eq. 
(2-1), herein the conventional bilinear polynomial shape functions for isoparametric 
2D element are used (Zienkiewicz et al., 1977), which read from node 1 to node 4 as: 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-1) 
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 are the coordinates of a point within the parent element in the nature coordinate 
system. The above shape functions possess the features of PUM: 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-2) 
and  
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-3) 
 
 
Figure 3-1. (a) The physical quadrilateral element with random shape in the physical 
coordinate (x, y) for which the sequence of node is anticlockwise and (b) the mapping 
element in the parent (nature) coordinate (ζ, η). 
Figure 3-2 presents the illustrations of the above shape functions within the nature 
element, from which the PUM features of shape function show in Eq. (3-2) and Eq. (3-
3) can be observed. 
Once the shape functions are determined, the coordinate of element can be computed 
by the interpolation using nodal coordinates and shape functions, which are expressed 
as: 
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aaaaaaaaaaaaaaaaaaa (3-4) 
  
 
Figure 3-2. The illustration of shape function Ni within the parent element in the nature 
coordinate. 
As it has been described in Chapter 2, in the ECDM, we may select the same basic 
displacement approximation with XFEM, without taking account for the crack-tip 
singularity. As the classical finite element shape functions shown in Eq. (3-1) satisfies 
the partition of unity condition (Eq. (3-3)), thus they could also be used as partition of 
unity functions for enrichments (Belytschko & Black, 1999). Therefore, the 
displacement approximation showing in Eq. (2-19) within a specified cracked element 
can be expressed as Eq. (3-5): 
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In which u and v are the displacement along x axis and y axis, respectively. The step 
function can be written as: 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-6) 
In the 2D quadrilateral element based on the formulations of the ECDM, the 
establishment of shape function matrices N and the discretized gradient operator matrix 
B is straightforward and in the same form with XFEM. That is, N and B matrix are 
constructed as the concatenation with standard FEM part and an enriched part as 
explained in Chapter 2. 
[N] = [NSTD, NENR] aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-7) 
In which 
(3-8) 
The gradient matrix B in the implementation of the ECDM based 2D quadrilateral 
element will be given as: 
[B] = [BSTD, BENR] aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-9) 
In which 
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In B matrix,  and  is given by: 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa 
(3-12) 
aaaaaaaaaaaaaaaaaaaa (3-13) 
The computation of numerical integration is completed in the parent (nature) coordinate. 
Therefore, it is necessary to transform all computations in terms of parent coordinate. 
The relation between the derivatives in the nature element and physical coordinates 
(global coordinate) is (Belytchko 1996): 
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which can be written as 
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in which 
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The matrix J is known as the Jacobian matrix. The Jacobian matrix of the current 
configuration within the  parent coordinates is then given as 
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aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-17) 
with which the gradient matrix B in global coordinate can be calculated following Eq. 
(3-9) to Eq. (3-13). To guarantee the inevitability of the Jacobian matrices J, det |J| is 
required to be greater than 0, so that the 2D element is supposed to be a geometrically 
convex quadrilateral (Belytchko 1996). 
3.2.2. Elemental stiffness matrix 
Figure 3-3(a) presents a cracked element, which is supposed to be modelled with the 
ECDM. The elemental domain  is cut by the crack (red line path) into two 
quadrilateral domains. To construct the elemental stiffness matrix, we need to 
recognize the different domains as  and  in this element, as shown in Figure 3-
3(a). According to Eq. (2-33), the ultimate elemental stiffness matrix of the ECDM 2D 
element can be expressed as 
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in which, the sub matrix can all be obtained by integration within the 2D element 
domain  of interest. It should be noted that, herein we assume that there are no 
external boundary conditions prescribed on the cracked ECDM element. The 
submatrices of the elemental stiffness matrix can be given as below: 
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where D is the constitutive tangent matrix of material. The elemental stiffness matrix 
Eq. (3-18) is a 8*8 matrix, thus there are totally 8 DoFs for the ultimate implemented 
ECDM element, which is the same with conventional 2D quadrilateral element. No 
extra DoFs or nodes are needed in the ultimate implementation of the ECDM. In the 
programming, the above integration to construct elemental stiffness matrix is 
performed within the natural element as shown in Figure 3-3(b). Hence the submatrices 
shown in Eq. (3-19) can be expressed as Eq. (3-20) through area mapping: 
aaaaaaaaaaaaaaaaaa (3-20) 
 and  are the integration domains (in natural coordinates) corresponding to  
and  (in physical coordinates), respectively. 
 
 
Figure 3-3. The elemental configuration with a crack in (a) physical coordinate and (b) parent 
(nature) coordinate. 
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By applying different constitutive equations, simulating the mechanical behaviors of 
plane stress and plane strain problems for both isotropic and orthotropic material can 
be achieved. Below we will present the material matrix D: for plane strain problems, 
the material constitutive matrices of isotropic material and orthotropic material are as 
shown in Eq. (3-21) and Eq. (3-22), respectively. 
aaaaaaaaaaaaaaaaaaaaaa (3-21) 
and 
aaaaaaaaaaaaaaaa (3-22) 
in which, E and υ are the Young’s modules and Poison’s ratios, respectively. E1 and E2 
are the directional Young’s modules for orthotropic materials. , , , ,  
and  are the Poison’s ratio between the deformations in different directions. The 
term . 
For plane stress problem, the above material matrices should be expressed as: 
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aaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-24) 
The material constitutive matrices can be programmed in the model for being called 
accordingly and dealing with different kinds of 2D problem. 
After the nodal displacement u is solved, under the assumption of small displacement 
gradients, the strain is approximated as the symmetric part of the displacement gradient. 
Thus the strain at any positions in the element can be calculated as: 
stdu aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-25) 
When the strains are known, the stress on the corresponding position can be solved by: 
D aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-26) 
 
 
Figure 3-4. The transformation of stress field between the global coordinate and material 
local coordinate system. 
For the orthotropic material system shown in Figure 3-4, to obtain the stress tensor in 
the material local coordinate, a transformation from the global coordinate to material 
local coordinate may be required: 
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aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-27) 
and 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-28) 
in which the [T] and [T]-1 are the transformation matrices, the two transformation 
matrices possess the feature . The expressions of transformation 
matrices are as below: 
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and 
aaaaaaaaaaaaaaaaaaaaa (3-30) 
3.2.3. Calculation of the nodal force attributing to cohesion 
According to Eq. (2-26), in a 2D 4-node ECDM element hosting a crack as illustrated 
in Figure 3-5, taking account for the existence of cohesive segment, the internal nodal 
force vector fcoh due to cohesive traction on the crack surface  can be expressed 
as: 
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in which t is the traction between the two crack surfaces within the specified failure 
element, as shown in Figure 3-5(b). 
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The integration of the internal nodal force vector due to cohesive traction t shown in 
Eq. (3-28) can be completed by numerical integration about the cohesive traction on 
elemental crack surface . In this work, the standard Gaussian integration scheme 
is employed, which is expressed as: 
i i i
1
( ) ( ) ( )
crack
coh
n
T T
coh
i
d      f N t N t aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-32) 
Here,  is the coordinates of ith gauss integration point of total n Gauss points, with 
the  weight function. Herein, two gauss points are used for integration, whose 
coordinates are ( ) and ( ). Within any specified element, the status of 
cohesive segment is regarded to be consistent in this implementation of the ECDM. 
 
Figure 3-5. Elemental cohesive traction distribution between the crack surfaces with 
cohesion. 
As it is described in Chapter 2, the initial cohesive traction between the surfaces of 
cracked element of interests can be calculated as the normal stress and shearing stress 
on the cracked surface. In order to obtain the initial cohesive traction t0, the initial stress 
status σ0 at the center point of the crack length within specified element is needed and 
calculated by the following formula: 
0 0 0
x y xy     0 0DBu aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-33) 
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in which u0 is the nodal displacement when the crack propagates. Subsequently, the 
transformation matrix in Eq. (3-29) will be used in the calculation of initial cohesive 
traction t0 in the local (s, n) coordinate whose s-axis is aligned along the crack direction: 
0 0 0 0
0
0 0
0
0 0 0 0
0
cos2 sin 2
2 2
sin 2 cos2
2
x y x y
xy
nn
s s x y
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t
t
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t = aaaaaaaaaa (3-34) 
in above equation, < > is the Ma-Cauley bracket operator that <A> designates the value 
of 
2
A A
A
 , with the introduction of which the strain energy density in normal 
direction of fracture can be distinguished between the tension behavior and the 
compression behavior. 
 
3.3. Implementation of the ECDM via 
the subroutine UEL in ABAQUS 
For the most existing discrete discontinuity approaches, an essential requirement for 
efficient implementation is a flexible finite element code which allows the number of 
degrees of freedom per node and the number of integration points per element to be 
varied during a calculation (Wu et al., 2015). For the ECDM, this requirement has be 
completely avoided attributing to the elimination of additional DoFs, which means, no 
matter the element is cracked or intact, the pattern of DoFs will not change during the 
calculation. Based on this consideration, the theoretical formulations of proposed 
ECDM and the solving procedure discussed previously can be conveniently integrated 
into the commercial FE programs ABAQUS as a general purpose element because the 
micromechanics of cohesive damage evolution has been completely retained and 
embedded in the element. Here, we briefly describe how to implement it into ABAQUS 
as a user element. 
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3.3.1. The user subroutine UEL in ABAQUS 
The finite element software ABAQUS supported by Dassault is one of the most widely 
used commercial FE software in engineering and academic research, which also 
provides a conventional element library and different nonlinear solvers. The element 
types available in ABAQUS can meet most of the general requirements of users. 
Meanwhile, ABAQUS allows users to define their own subroutines, by which users 
can define element stiffness, constitutive relationship and load form, etc. To implement 
the ECDM, UEL, which is a user defined element subroutine available in ABAQUS, 
can be an ideal tool to achieve this object. To employ a user subroutine by ABAQUS, 
the following command is needed to be inserted in the command window: 
ABAQUS job=Inp file    user=Fortran file     int 
For more details regarding to the user guide of subroutine in ABAQUS, reader can refer 
to ABAQUS Documentation. In the following, the user guide to apply the subroutine 
UEL in ABAQUS will be presented. 
In the subroutine UEL, users can define the characteristics of many aspects in elements 
to achieve different purposes, mainly the following: 
1) Not only linear elements can be implemented, but also user is able to embed more 
complex nonlinearity into elements. With the combination with other Subroutines, 
a wider range of applications can be achieved; 
2) Unconventional DoFs and node can be defined, the node force is accessible in UEL; 
3) With UEL, users can establish model coupling the mechanical behavior with some 
nonstructural physical behaviors 
4) The function of information from node or integration point, such as displacement, 
velocity and acceleration can be defined to adjust the nodal force. 
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In FEM analysis, the UEL can assist users to deal with some nonstandard model, such 
as non-linear problems, while the pre-procession and post procession readily available 
in ABAQUS can still be utilized. This can save the time cost to develop the model, and 
meanwhile guarantee the authority and versatility of the developed numerical model. 
3.3.2. Invoking UEL in ABAQUS 
To apply the subroutine UEL in ABAQUS/Standard, a particular declaration is needed 
to be included in the modelling process. Generally, the following information needs to 
be written into the input file of model to be analyzed: 
Define the user element in input file: 
*USER ELEMENT, TYPE=Un,  
In which n is the user defined number of element type. It can range from 1 to 10000, 
normally, we can set it as 1; 
*ELEMENT, TYPE=Un, ELSET=ELname  
In which ELname is the element set containing the user elements. 
*UEL PROPERTY, ELSET=Elname  
This data line is for the input data of user element. Both float and integer type of data 
can be inserted as the UEL properties. There can be 8 numbers at most to be put in 
each line. 
In defining the user elements, some key properties of the element should also be 
provided by users, in which some properties are indispensable: 
*USER ELEMENT, TYPE=Un, NODES=, COORDINATES=, PROPERTIES=,  
IPROPERTIES=,  VARIABLES=,  
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In above lines, NODES denotes the number of node in the user elements, 
COORDINATES is the dimension of the each nodes, i.e. 2 for 2 dimensional 
coordinate, 3 for 3 dimensional coordinate; PROPERTIES is the number of real 
parameters, correspondingly, IPROPERTIES is the number of integer parameters for 
element properties, VARIABLES is the number of state variables (SDV), SDV is 
important as ABAQUS has no stress output for user elements, thus SDV can be used 
for storing the stress value of user elements. Above element properties are summarized 
in Table 3-1. 
Table 3-1. Element properties of the User element in ABAQUS. 
Parameters Definition 
TYPE Element type Un in which n is a integer less 
than 1000 
NODES Node number in user element 
COORDINATES Dimension of each node 
PROPERTIES Number of the floating point type element 
properties 
IPROPERTIES Number of the integer type element 
properties 
VARIABLES State variables 
 
To call user subroutine, a modification should be inserted in to the input file of 
model, which is: 
*USER Subroutine, (Input=filename) 
Code in FORTRAN  
To conveniently compile the FORTRAN code, normally, an external separate for file 
can be used for the introduction of user subroutine. To call the external FORTRAN 
subroutine, in ABAQUS Command window 
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ABAQUS job = name of input file   user= name of external Fortran file  int 
3.3.3. Interface of user subroutine UEL 
Same with other subroutines, specific interface needs to be set up for UEL before the 
code line is called by the ABAQUS, as follows:  
SUBROUTINE UEL (RHS, AMATRX, SVARS, ENERGY, NDOFEL,  
NRHS, NSVARS,  
& PROPS,NPROPS,COORDS,MCRD,NNODE,U,DU,V,A,JTYPE,  
TIME,DTIME,  
& KSTEP, KINC, JELEM, PARAMS, NDLOAD, JDLTYP, ADLMAG,  
PREDEF, NPREDF,  
& LFLAGS, MLVARX, DDLMAG, MDLOAD, PNEWDT, JPROPS, NJPROP,  
PERIOD)  
C  
INCLUDE 'ABA_PARAM.INC'  
C  
DIMENSION  
RHS(MLVARX,*),AMATRX(NDOFEL,NDOFEL),PROPS(*),  
& SVARS(*),ENERGY(8),COORDS(MCRD,NNODE),U(NDOFEL),  
& DU(MLVARX,*),V(NDOFEL),A(NDOFEL),TIME(2),PARAMS(*),  
& JDLTYP(MDLOAD,*),ADLMAG(MDLOAD,*),DDLMAG(MDLOAD,*),  
& PREDEF(2,NPREDF,NNODE),LFLAGS(*),JPROPS(*) 
 
       user coding to define RHS, AMATRX, SVARS, ENERGY, and PNEWDT 
 
RETURN  
END 
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In the above subroutine, some variables are determined by the input file, while some 
other variables need to be called as the control parameters for ABAQUS system, such 
as the increment time TIME. Some variables are for storing the result of last increment. 
All these variables are not allowed to change by users during the calculation. Some 
variable arrays are needed to be updated in the subroutine, such as stiffness matrix, 
mass matrix, and residual nodal force, which are the key step in defining the user 
element. The following table lists the related arrays and matrix in UEL, which are 
essential to the implementation of the ECDM: 
 
Table 3-2. The arrays and matrix to be updated by users in UEL. 
Name Definition 
RHS Right hand side array. In ABAQUS, 
iteration algorithm (implicit) is used, thus 
the residual force is needed to be provided. 
AMATRX The elemental Jacobian matrix, which is 
related to the value of LFLAGS, normally, 
it refers to the elemental stiffness matrix or 
mass matrix 
SVARS The array to store the state variable 
 
In addition, the array ENERGY can also be updated by users. Due to that it will not be 
involved in the implementation of the ECDM, here it will not be introduced in detail. 
For more details about the arrays and matrix in UEL, reader can refer to the help 
documentation of ABAQUS (ABAQUS help documentation, 2012). 
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3.4. Data structure and schemes for 
tracking crack propagation  
One of the advantage of the present ECDM is that it can relieve users from utilizing a 
sophisticated global tracking algorithm, such as the level-set functions in XFEM for a 
propagating discontinuity. Consequently, the large pre-calculations can be avoided 
when discontinuity is activated within a narrow band manner in modelling meshes. 
Nevertheless, it is still necessary to record the crack path so that the inter-element 
continuity of a discontinuity can be enforced. This is carried out through a common 
block accessible to all user elements, within which the geometric information of a 
discontinuity is constantly updated as it propagates. In the implementation of the 
ECDM, a local tracking algorithm based on element connections/graph is adopted due 
to its simplicity for 2D numerical implementation. When an element meets the failure 
criterion, the discontinuity propagates within that element along a straight line with the 
determined orientation, from the discontinuity starting intersection to the end. 
For a cracked element, to identify its status, state variable will be adopted to store the 
status identification. An array ElemGGe containing 12 state variable is defined, the 
definition of each variable is described as below: 
 ElemGGe(1) for storing the crack orientation, the angle between the crack orientation and x-
axis of the global coordinate is stored. 
 ElemGGe(2) for storing the index to indicate if the element is cut by a crack, and it can be 
decided by the value of ElemGGe(2) that if the element is cut into two quadrilateral or it is cut 
into one triangle and one pentagon: When ElemGGe(2)=0, then the element is intact, when 
ElemGGe(2)=2, the element is cut into two quadrilateral, in the case of ElemGGe(2)=5, the 
element is cut into one triangle and one pentagon.  
 ElemGGe(3), ElemGGe(4) for storing the edges number which is cut by the crack in element.  
 ElemGGe(5), ElemGGe(6) for storing the coordinates of start point of the crack  
 ElemGGe(7), ElemGGe(8) for storing the coordinates of end point of the crack  
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 ElemGGe(9), ElemGGe(10), ElemGGe(11), ElemGGe(12) for storing the index to indicate 
which domain the node belongs to. (if the node belongs to left or lower side domain of cracked 
element, then the index is set to be 0, the index is 1 while the node belongs to the right or upper 
side domain of cracked element) 
 
 
Figure 3-6. A typical configuration of an element cut by a crack, which results: (a) two 
quadrilaterals and (b) one triangle and one pentagon. 
In Figure 3-6, two typical element configurations with cracks are provided for 
explaining the recording regulations and internal data structure to recognize the status 
of element in the implementation of the ECDM. For element (a), it is cut by the crack 
into two quadrilaterals. The starting point and end point of the crack are on the edge e4 
and e2, respectively. Assuming the coordinate of the starting and end points of the crack 
are (x1, y1) and (x2, y2), then the internal variable vector ElemGGe is supposed to 
contain the following values:  
ElemGGe = [θ, 2, 4, 2, x1, y1, x2, y2, 0, 0, 1, 1].  
For element (b), which is cut by the crack into one triangle and one pentagon, the 
starting point and end point of the crack locate on the edges e1 and e2, respectively. 
Thus the internal variable vector ElemGGe for the cracked element in Figure 3-6(b) 
should be:  
ElemGGe = [θ, 5, 1, 2, x1, y1, x2, y2, 0, 1, 0, 0].  
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During the crack propagation, a series of data regarding the crack tip information for 
each crack are required to be updated properly. Therefore, the crack path can be 
accurately tracked and updated in time. The continuity of the crack path can 
consequently be retained during crack growth. Because of the restriction that the state 
variable SDV in ABAQUS subroutine UEL can only be accessed by the specified 
elements, the data of other elements cannot be reached. Therefore, the COMMON 
BLOCK function available in FORTRAN 90 as shown can be used to access as an 
external file which is for storing existing crack information. In the COMMON BLOCK, 
the number of crack tip element (CrackElem), crack orientation of the crack tip 
(Cangle), crack tip coordinates (Tcoords(1) and Tcoords(2)), time increment (CINC) 
when crack happens, and crack number (CRACKNUM) are stored. It should be noted 
that two copies of the data regarding the crack tip information are stored in the 
COMMON BLOCK, one for the current crack path (to be iterated for equilibrium) and 
the other for previously established crack path (already converged), need to be recorded, 
because, in the case of a failed equilibrium iteration, the previous established crack path 
needs to be restored for a new adjusted increment with a reduced prescribed loading. 
In the calculation of equivalent damage variable d, a crack length lcrack, within which 
the damage status is the same, is needed. Therefore, we assume that the status of 
cohesive segment within an element is consistent. Then the crack length can be 
expressed as a distance from the start point to the end point of the elemental crack: 
   2 21 2 1 2crackl x x y y                                      (3-35) 
For isotropic materials, the maximum principal stress criterion can be used to define 
the crack path, which means the direction of crack within the element satisfying the 
penalizing law is perpendicular to the direction of maximum principal stress. Moreover, 
the description of cracking is also based on the maximum principal stress in the stage 
of finite element post processing. For 2D domain, the maximum principal stress is 
expressed as: 
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   2 2max 1 1 42 2x y x y xy                                  (3-36) 
Identifying the element in which discontinuity can propagate and establishing the 
discontinuity configuration are the required work at the beginning of tracking 
discontinuity propagation. In addition, it is necessary to determine discontinuity 
nucleation at the beginning of simulating discontinuity propagation. Nucleation is 
allowed to happen in any potential elements in the computationally accounted domain, 
whereas the propagation is originated at the front element of an existing discontinuity. 
In the numerical implementation, once a discontinuity nucleation is judged to occur 
within an element, the perpendicular direction to the maximum principal stress σmax is 
determined as the propagating orientation. The discontinuity nucleates from the 
midpoint toward to the edge of the cracked element. In the case of cracked elements 
located at the boundary of computational domain, only one tip point will be presented. 
Contrariwise, the propagation of existing discontinuities can only the elements at the 
front of the crack tip. 
In Figure 3-7, an illustration for crack propagation within a FE mesh is provided for 
demonstrating the recording and update procedure when crack propagates through the 
implementation of the ECDM. As shown in Figure 3-7(a), if the stress state of the 
element at the front crack tip meets the failure criterion, the crack propagates across 
this element. Thus the previous crack tip is recognized as a start point of the crack in 
the new cracked element. A restriction of ±45 degree kinking angle of the propagating 
crack in programming has provided a potential propagation area as shown in the blue 
area in Fig. 3-7. In fact this kinking restriction is a practical modelling treatment to 
avoid possible snap back of curved crack path (the same treatment is used in the XFEM 
approach in ABAQUS). Assuming a crack propagates along a straight line within failed 
elements, once the coordinates of start point of the crack is known, the end point of the 
crack can be trivially determined in terms of continuity of the cracking path and the 
propagating orientation, see Figure 3-7(b). When the propagation procedure in an 
element is approximated, the discontinuity information will be updated for evaluating 
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other elements. Table 3-3 presents the detailed updated data as the crack propagating 
in increment n+1 corresponding to the scenario shown in Figure 3-7. 
 
Figure 3-7. The propagation scheme in the ECDM implementation. 
Table 3-3. The updated data from the propagated crack. 
Crack tip data Increment n Increment n+1 
CrackElem Elem1 Elem2 
Cangle θn θn+1 
Tcoords(1) x1 x2 
Tcoords(2) y1 y2 
CINC n n+1 
CRACKNUM 1 1 
 
In Table 3-4, the general procedure of the ECDM user element in the modelling of 
crack propagation within 2D implementation. The scheme to determine the element at 
the front of crack tip is presented in Figure 3-8 as well. 
  
θn+1 
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Table 3-4. General procedure in dealing with crack propagation. 
 
 
Figure 3-8. The scheme to judge the crack-tip boundary: test algorithm. 
 
Loop in element 
IF (AB+AC-BC < tol) THEN 
Calculate the test stress σ 
IF (σ> material strength) THEN 
Determine the crack direction and crack end point 
Update the MATRX and RHS by ECDM formulations 
Update the crack tip information 
ELSE IF (σ< material strength) THEN 
Update the AMATRX and RHS using elastic element formulations 
Else 
Update the AMATRX and RHS using elastic element formulations 
End IF 
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3.5. Solving procedure in the 
implementation of the ECDM 
3.5.1. Solving procedure of the ECDM 
The elemental fundamentals of the proposed ECDM presented in section 3.2 and the 
discontinuity propagation procedure discussed in previous sections can be integrated 
into FEM software ABAQUS as a user element with the micromechanics of cohesive 
law completely retained and embedded into the elemental equilibrium. Here, we briefly 
describe how to solve the problem of modelling a propagating crack using the ECDM 
user element. As shown in the flow chart Figure 3-9, with all the information known 
regarding the existing cracks, the trail incremental displacements are applied to the 
structure at the start of increment n and the trail stress σ within the identified element 
at the front of crack-tip is calculated to evaluate whether or not the crack propagates. If 
the crack is judged to be propagating, the elemental crack configuration then can be 
confirmed with the computed orientation and the old crack tip point. Meanwhile, the 
crack information can be updated, including the exact locations within the individual 
element and crack orientation, in particular, the discontinuity starting/end nodes located 
at element edges, are known. Subsequently, the element stiffness matrix and the nodal 
residual force can be updated according to Eq. (3-35). After assembling global stiffness 
matrix and Right Hand Side (RHS), following the general route in solving nonlinear 
equilibrium equations, Newton-Raphson iteration algorithm is performed to solve the 
governing equations. When the residual nodal force reduces to the prescribed tolerance, 
the convergent solution is obtained, subsequently the computing moves to increment 
n+1 with newly updated crack information. In the case of convergent failing, the 
computing system will automatically adjust the size of increment n+1, and repeat the 
above procedure with the backed up crack information at the end of increment n, until 
reaching the convergent solution. Since the crack is tracking in real time and every 
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element can access the crack circumstances at any time, a crack can propagate through 
more than one element at the same increment. 
 
Figure 3-9. A flow chart of the crack propagation scheme and the solving procedure in the 
implementation of the ECDM 
3.5.2. Solving the nonlinear equation: Newton-Raphson 
algorithm 
For a nonlinear structural problem in which the structure's stiffness changes as it 
deforms, the response of a nonlinear process such as the system equations in Eq. (2-34) 
involving the embedment of cohesive damage law, is usually solved through specific 
incremental–iterative algorithms, the most of which are already available in current 
commercial FEM solvers. A general procedure of iteration is given in Figure 3-10, 
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which is the same for all iteration algorithms. In this section, the iteration algorithm 
used for the implementation of ECDM will be introduced for reference. 
Solving the nonlinear equilibrium in Eq. (2-34) uses the general process in seeking for 
the solution of nonlinear problems via iteration shown in Figure 3-10. Assuming all the 
state and internal variables have been known or determined after the time increment Tn. 
 
Figure 3-10. General process in seeking for the solution of nonlinear problems via iteration. 
In the entire procedures, the physical meaning of items in reality in the ‘displacement’ 
vector can be a velocity or a Lagrange multiplier. The total displacement increment 
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ᇞu is adapted iteratively by iterative increments δu until equilibrium is reached, up to 
a prescribed tolerance. Indicating the iteration number with a right subscript, the 
incremental displacements at iteration i+1 are calculated from 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-37) 
The difference between the commonly used iteration procedures is the way in which 
 is determined (Wriggers, 2008). The iterative increments are calculated by use of 
a ‘stiffness matrix’ K that represents some kind of linearized form of the relation 
between the force vector and displacement vector. The used stiffness matrix can change 
at each iteration, the matrix that is used in iteration i is called Ki. A direct approach is 
to determine the iterative increments by 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-38) 
where gi is the out-of-balance force vector at the start of iteration i. In this case a linear 
set of equations is solved at each iteration. In this work, Newton Raphson algorithm is 
employed as the technique to carry out nonlinear iteration. In a Newton-Raphson 
method, the stiffness matrix Ki represents the tangential stiffness of the structure:  
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-39) 
In the Regular Newton-Raphson iteration the stiffness relation (3-39) is evaluated at 
each iteration (Figure 3-11). This means that the prediction of (3-38) is based on the 
last known or predicted situation, even if this is not an equilibrium state. 
The Regular Newton-Raphson method yields a quadratic convergence characteristic, 
which means that the method converges to the final solution within only a few iterations. 
A disadvantage of the Newton-Raphson method is that the stiffness matrix has to be 
set up at each iteration and, if a direct solver is used to solve the linear set of equations, 
the time consuming decomposition of the matrix has to be performed at each iteration 
1 1i i iu u u     
u
i i iu g  K
i
g
u
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as well. Moreover, the quadratic convergence is only guaranteed if a correct stiffness 
matrix is used and if the prediction is already in the neighborhood of the final solution. 
If the initial prediction is far from the final solution, the method easily fails because of 
divergence. In short, the Regular Newton-Raphson method usually needs only a few 
iterations, but every iteration is relatively time consuming. 
 
 
Figure 3-11. Regular Newton-Raphson iteration algorithm. 
Numerical iteration would terminate when the residual nodal force is within the 
prescribed tolerance, which means the convergent result has be obtained. If 
convergence cannot be achieved within the limited times iteration, the ABAQUS can 
automatically adjust the size of load increment (with the increment size set to 25% of 
its previous value) till the convergence is obtained. By default, ABAQUS/Standard 
allows a maximum of five cutbacks of increment size within an increment before 
terminating the analysis. Therefore, users only need to suggest the size of the initial 
increment and maximum increment size at each step of the analysis. 
In the implementation of most discrete damage approaches, such as XFEM, in order to 
avoid introducing new DoFs into non-equilibrium states (e.g., in an iterative procedure) 
and to preserve the quadratic convergence rate of the Newton–Raphson solution 
scheme, the propagation can only be accounted after performing numerical solving 
(Wu et al., 2015). Consequently, the increment size must be sufficiently small during 
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loading process, especially around the loading point of material failure, so as to capture 
the peak value (material strength), and to avoid overestimation of element strength. In 
this work, discontinuities are allowed to be initiated before iteration in the increment 
rather than at the end of a converged loading increment, which achieves a real nonlinear 
procedure and obtains accurate result under relatively coarse increment size. 
 
3.6. Numerical Integration 
Numerical integration is of significant importance for accurately and efficiently 
carrying out the calculation of stiffness matrix and the nodal traction due to the 
existence of cohesive segment. Therefore, the selection of numerical integration 
scheme is essential for the accuracy and efficiency of a computational model. In the 
ECDM, conventional Gauss quadrature can be applied to perform the numerical 
integration for the elements that are not cut by any discontinuity. However, for those 
elements cut by discontinuities, such as cracks, a modified integration scheme is 
required, because sub-domains are contained in the integrated domain and the integrant 
within different sub-domains are discontinues. One potential solution for numerical 
integration is to partition the elements properly into sub-cells (triangles for example) 
aligned to the discontinuous surface in which the integrands are continuous and 
differentiable (Belytschko and Black, 1999; Duddu et al., 2008). Then in each sub-sell, 
conventional Gauss integration scheme can be performed. After all the integrated sub-
cells are partitioned and integrated, the outcome for the whole domain can be the 
superposition of the sub-integrations. 
This partitioning integration scheme is also employed by other discrete discontinuity 
model, as investigated by Belytschko and Black (1999), Oden (1998) and Glowinski et 
al. (2003). The integration scheme can be expressed mathematically as: 
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-40) (X) ( ) ( )F f x dx f x dx    
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in which the f(x) is the discontinue integrand within domain Ω, it should be noted, in 
domain Ω+ and Ω-, the integrand f(x) is with first order continuity, which guarantees 
that gauss integration can be performed in such domains. 
Numerically the function f(x) over the whole domain is integrated as follows: 
(X) ( ) ( )
e
F f w 

 aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (3-41) 
where  is the sub domains of an element. 
 
Figure 3-12. Two types of intersected elements implemented the ECDM in ABAQUS. 
Subdivision of elements intersected by a crack for integration purposes. (a) The discontinuity 
curve divides a quadrilateral into two sub-quadrilaterals. (b) The discontinuity curve 
separates an element into one triangle and another pentagon. 
Figure 3-12 shows a possible subdivision scheme used in the ECDM. It should be 
noticed that the purpose of dividing the element domain into sub-elements is solely for 
the purpose of numerical integration and does not introduce any new degrees of 
freedom. Gaussian quadrature is performed with the integration points within each 
triangular or quadrangle sub-element. 
In the first case the enhanced element is divided into two quadrangles both of which 
are treated as a separated element with four gauss points (open circles) during the 
integration process. In the second case, in order to complete the conventional Gauss 
e
Discontinuity 
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integration scheme, the pentagon, formed by a crack cutting the adjacent edges in a 
quadrilateral element, needs to be further portioned into sub-triangles. Therefore, 
totally six sub-triangle domains are prepared for gauss integration. Each sub-triangle 
domain possesses three integration points (open circles). The integration points (solid 
circles) on the discontinuity curve are for the purpose of computing the cohesive 
traction between the crack surfaces. 
As mentioned above, conventional Gauss integration can be performed as below: 
aaaa (3-41) 
where n is the number of the Gauss points in the sub-element. Wi is the integration 
weight for the ith Gauss point. (ζi, ηi) is the nature coordinate of the ith Gauss point. 
 
3.7. Computation of generalized inverse 
matrix 
In the construction of elemental stiffness matrix, it is not necessarily invertible for the 
submatrix Kaa, thus we use the generalized stiffness matrix in calculation. IMSL is a 
commercial Fortran Numerical Library, which provides users with strong embeddable 
numerical analysis functions for FORTRAN applications. A numerical function 
LSGRR in IMSL can serve as the tool to obtain the generalized inverse matrix 
(persuedo inverse matrix) of specified matrix. To utilize this function in FORTRAN, 
the following declaration is required to be included in programing: 
INCLUDE 'link_fnl_shared_imsl.h' 
USE LSGRR_INT 
PARAMETER (NRA=8, NCA=8, LDA=NRA, LDGINV=NCA) 
REAL*8 A(LDA,NCA), GINV(LDGINV,NRA) 
1
D D ( ( , ) D ( , ) J )
e
e
n
T T T
sub i i i i i
i
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Then, we need to call the numerical function LSGRR to perform the matrix 
computation using the following codes: 
CALL LSGRR (A, GINV) 
In this call, A is the matrix whose inverse matrix is of interest, GINV is the resultant 
as a generalized inverse matrix. 
 
3.8. Verification of the ECDM user 
element 
To verify the implementation of the ECDM as a general tool for modelling the fracture 
behavior in engineering materials, single element tests under various loading conditions 
should be carried out to validate the proposed ECDM. Moreover, modelling of three 
fracture test benchmarks of laminated composites, involving double-cantilever-beam 
(DCB) for Mode I, end-notch-flexure (ENF) for Mode II and fixed ratio mixed mode 
(FRMM) for Mix-Mode case will also be carried out to assess the capacity of the 
proposed ECDM in characterizing the delamination of FRP composite structure. 
3.8.1. Single element validation 
A displacement-controlled loading procedure is applied on a single element to test the 
performance of the ECDM in capturing fracture behavior. The stress-strain response 
together with released energy dissipation during the fracture process are assessed to 
show the accuracy of the ECDM. Different loading conditions, which can lead to 
different fracture modes, i.e. mode I, II and mixed mode fracture, will be applied. The 
dimension of both length and height of the tested element is 5mm. The potential 
discontinuity in element is laid from center of left edge to the center of right edge. The 
linear softening cohesive law is selected to be tested through this modeling simulation. 
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Plane stress constitutive relation of isotropic material shown in Eq. (3-25) is used for 
describing the material elastic response. The material properties used for single element 
test are not physically real, which are randomly selected as: Young’s modules E=10000 
Mpa, Poison’ ratio v=0.27, normal tensile strength ߪ௡=1 MPa, shear strength σ௦=1 
MPa, fracture toughness Gc=0.02 N/mm. 
For the purpose of assessing the performance of the ECDM, i.e. the accuracy in the 
predicting both the peak loading value and the post-peak response, the modelling with 
the standard 2D elements in ABAQUS is also carried out and the result will be 
compared with the ECDM solutions. Regular plane stress elements (CPS4) with elastic 
material behavior are used for the modelling of top and bottom subdomains, and 
cohesive elements (COH2D4) with zero thickness are inserted between the two CPS4 
elements to account for the fracture nonlinearity. The same geometry and material 
properties are used for both the ECDM and standard ABAQUS modelling. 
3.8.1.1. Mode I response 
For the mode I fracture test, nodes 1 and 2 are fixed while nodes 3 and 4 are subjected 
to vertical displacement. Therefore, the developed fracture will be only the opening 
mode-mode I. In Figure 3-13, the nodal force versus applied displacement response is 
plotted, from which it can been seen that the total peak nodal forces at nodes 3 and 4 
are 5.0 N/mm and the element is completely cracked at the critical displacement of 
0.04mm. Identical result curves are obtained by the modelling with ABAQUS cohesive 
element. 
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Figure 3-13. Single A-FE response under mode I loading conditions. 
In the single mode fracture cases, the analytical peak force is available. For this problem, 
the peak value can be calculated by the ܨଷ௬ ൌ ܨସ௬ ൌ ௟∙ఙమమଶ , which is consistent with the 
ECDM solution. Comparison of the deformed shapes from the ECDM and the standard 
ABAQUS cohesive modelling is shown in Figure 3-14. Both show the same 
deformation in mode I direction. 
 
 
(a)                                (b) 
Figure 3-14. Mode I deformation pattern predicted by (a) the ECDM user element and (b) 
cohesive element. 
Based on the above comparison, it can be confirmed that, the modelling of the above 
Mode I fracture process can be completed using only one ECDM element to achieve 
the same accuracy with that obtained by the ABAQUS cohesive modeling with three 
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elements including two elements for elastic material behavior and one cohesive element 
for fracture nonlinearity. 
3.8.1.2. Mode II response 
To assess the performance of the ECDM user element in modelling of Mode II fracture, 
horizontal displacements are applied on node 3 and node 4 at the same single element 
in mode I fracture test. Figure 3-15 shows a good agreement in failure response between 
the numerical results and analytical result. 
 
  
Figure 3-15. Single ECDM user element response under mode II loading conditions. 
 
 
(a)                                (b) 
Figure 3-16. Mode-II deformation pattern predicted by (a) the ECDM user element and (b) 
cohesive element  
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Figure 3-16 shows the comparison of the response between the ECDM predictions and 
the results from cohesive element. Pure shear deformation can be observed in the 
element. The predictions of nodal reaction forces from both the ECDM and cohesive 
element are identical. 
3.8.1.3. Mixed Mode response 
Through the above two tests regarding pure mode fracture modelling, we can 
preliminarily confirm that the validation of the ECDM user element in characterizing 
the pure mode fracture is completed. Then a mixed mode loading scenario will be 
performed via combining the mode I and mode II loading conditions together to test 
the performance of the ECDM user element in modeling the mix-mode fracture. For 
mix-mode crack evolution, based on the mixed mode criterion proposed by 
Benzeggagh and Kenane (1996), a total fracture toughness is computed. According to 
the experimental investigation of the mixed mode fracture problem at the rigid interface 
given by Davidson et al. (2000) and Harvey et al. (2015), the mode ratio is treated as a 
constant after crack initiation. 
 
   
Figure 3-17. A single ECDM user element response under mixed mode loading condition. 
The comparison of the reaction nodal force between the ECDM predictions and the 
results from cohesive element is presented in Figure 3-17. Again, great agreement has 
been achieved. The deformation pattern of mixed mode fracture is presented in Figure 
3-18, from which it can be observed the ECDM can reproduce the nodal displacement 
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accurately, but the physical displacement jump, as shown in the CZM prediction, 
cannot be obtained via the ECDM. 
 
(a)                                (b) 
Figure 3-18. Mixed mode deformation pattern predicted by (a) the ECDM user element and 
(b) cohesive element. 
3.8.2. Benchmark specimens 
This ECDM is proposed mainly for the purpose of characterizing the fracture 
complexity in fibre composites. Therefore, in the following, the modelling for three 
benchmark specimens, regarding single mode and mixed mode delamination in FRP 
composite laminates, will be conducted to verify the performance of the developed 
ECDM. The loading, boundary conditions and geometric dimensions of specimens are 
illustrated in Figure 3-19. The fracture modes studied are mode I via Double 
Cantilevered Beam (DCB) test (Figure 3-19(a)), mode II via END Notched Flexure 
(ENF) test (Figure 3-19(b)) and Mixed-mode via Fixed Ratio Mix Mode (FRMM) test 
(Figure 3-19(c)). The elastic material properties for each lamina and fracture properties 
are given in Table 3-5 together with detailed geometric dimensions of specimen, in 
which w denotes the out-of-plane width of specimen. The DCB and ENF or the End-
Loaded Split benchmarks are general standardized test methods to obtain the Modes I 
and II interlaminar fracture energies, which are critical material properties to the 
modelling of fracture propagation. 
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(a) 
(b) 
(c) 
Figure 3-19. Benchmark specimen configurations: (a) DCB, (b) ENF and (c) FRMM. 
Table 3-5. Dimensions and material parameters of benchmark specimen. 
Specimen
E11 E22 G12 ν Nt Ns GIc GIIc L B w a0 
(GPa) (MPa) (J/mm2) (mm) 
DCB 130 8 6 0.27 48 48 0.256 0.784 105 3.1 24 22 
ENF 122.7 10.1 5.5 0.25 100 100 N/A 1.719 102 3.12 25.4 39.3
FRMM 130 8 6 0.27 48 48 0.256 0.784 105 3.1 24 45 
 
3.8.2.1. Deviation in the characterization of shearing stiffness 
It is found that there is an underestimation in elemental stiffness in the direction parallel 
to the crack direction of the sub element, which is shown in Figure 3-20. Herein, we 
take the DCB specimen as an example to investigate this phenomenon so as to explore 
a possible remedy for this deviation. Figure 3-21 presents the predicted load-
displacement response from different FE meshes with various element sizes. The 
lengths of the mesh side for the three investigated models are 4.43mm, 3.44mm and 
2.82 mm, respectively. An analytical solution is also given by the corrected beam 
theory (Appendix A.1) as a reference. Herein, to simplify the problem, only the initial 
stiffness of specimen on the presence of an existing delamination will be investigated, 
rather than the delamination propagation response. 
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Figure 3-20. A deviation of elemental stiffness parallel to crack direction. 
 
 
Figure 3-21. The ECDM predicted initial structural response of DCB together with the 
analytical solution. 
It can be observed that the initial stiffness of DCB decreases with the increase of 
element size, this comparison demonstrates that the ECDM may underestimate the 
stiffness in the direction parallel to crack orientation. With the decrease of element size, 
the structural stiffness gradually converged to the real value. Therefore, in modelling 
the slender structures, such as the benchmark specimens shown in Figure 3-19, a 
deviation will be contained in the ultimate solution when the mesh is relatively coarse. 
To address this problem, in the computational modelling of such beams, a correcting 
factor is suggested to be employed to remedy this underestimation. Unfortunately, in 
0.0 0.2 0.4 0.6 0.8 1.0 1.2
0
20
40
60
80
100
120
R
ea
ct
io
n 
Fo
rc
e 
(N
)
Displacement (mm)
 ECDM-4.43 mm
 ECDM-3.44 mm
 ECDM-2.82 mm
 Analytical
Chapter 3 
117 
 
this work, the expression of this correcting factor is not investigated. In the future 
research, an effort will be put into conducting this correcting factor. In the following, 
we used fine mesh model, whose side length of the element is around 0.28mm, to 
perform the delamination modelling of the three benchmark specimens, which can 
furthest alleviate the inaccuracy of predictions due to the elemental stiffness 
underestimation. 
3.8.2.2. Delamination propagation in DCB specimen 
The mode I predicted delamination propagation in this DCB specimen is shown in 
Figure 3-22, which symmetrically go through the mid-plane of DCB specimen. The 
elements with grey color indicate the delamination propagation path. The reaction force 
on loading point is calculated when the algorithm satisfies the convergent criteria. The 
predicted load-displacement relationship is given in Figure 3-23, in which an analytical 
solution is also given by the corrected beam theory (Appendix A.1) for comparison. It 
can be seen that the overall load-deflection solution obtained by the ECDM has a good 
agreement with the analytical solution. It can be seen from Figure 3-23 that the elastic 
loading bearing response (OB) can be observed, followed by the post failure response 
(BC) which represents the propagation of model I delamination. The ECDM predicted 
post failure response is slightly higher than analytical solution. 
 
 
Figure 3-22. Simulated mode I delamination propagation and strain contours. 
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Figure 3-23. The ECDM predicted failure response of DCB and analytical solution. 
3.8.2.3. Delamination propagation in ENF specimen 
The corresponding experimental work of ENF is given by Harper and Hallett (2008). 
A penalty stiffness vertical to the delamination is set to prevent the unrealistic 
compression penetration. That is, a vertical stiffness which is equivalent with the intact 
element are added as a penalty term in the elemental stiffness matrix. It should be noted 
that the penalty stiffness is considered only in the elements with pre-existing 
delamination. Figure 3-24 shows the mode II delamination together with the 
corresponding maximum principal strain field obtained from the ECDM. Figure 3-25 
shows the ECDM predicted load-deflection curve together with the analytical and 
experimental solution. It can be seen from Figure 3-25 that when applying displacement 
around 2.56 mm the delamination starts, the corresponding reaction force is about 485 
N. In general, the ECDM predicted post failure response agrees the analytical solution 
well, and is between the analytical solution (Appendix A.2) and experimental 
measurement. It should be noted that the experimental measurement is unstable in the 
post failure stage. 
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Figure 3-24. Simulated mode II delamination propagation and strain contours. 
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Figure 3-25. The predicted failure response of ENF together with analytical and experimental 
results  
3.8.2.4. Delamination propagation in FRMM specimen 
The final benchmark example to verify the performance of the developed ECDM user 
element in modelling mixed mode fracture is an FRMM specimen in which a 
displacement loading is applied at the one end of upper cantilever beam with an initial 
delamination. Figure 3-26 shows the ECDM simulated mix-mode delamination 
propagation and corresponding maximum principal strain contours. It can be observed 
the delamination has almost propagated to the right end of the specimen. The predicted 
load-displacement curve is shown in Figure 3-27, together with analytical and 
experimental measurement. It can be seen from Figure 3-27 that the ECDM prediction 
agrees with analytical and experimental results very well in both elastic stage (line OB) 
and post failure stage (curve BC). The analytical solution of FRMM was given by the 
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corrected beam theory (Appendix A.3), and corresponding test result was taken from 
(Chen et al., 1999). 
 
 
Figure 3-26. The ECDM simulated Mix-Mode delamination propagation and strain contours. 
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Figure 3-27. The predicted failure response of FRMM together with analytical and 
experimental results. 
 
3.9. Summary 
In this chapter, we implemented the proposed model as a user element via subroutine 
UEL in ABAQUS. The ECDM fundamentals are reviewed at the elemental level, via 
which the detailed calculations for elemental stiffness matrix and nodal force vectors 
are provided for programming. Other aspects with respective to the numerical 
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implementations, including numerical integration, crack tracking, data structure and 
nonlinear solving algorithm, are introduced as well. Finally, this developed ECDM in 
modelling both pure mode fracture and mixed mode fracture is validated by not only 
the single element tests, but also three benchmark specimen made of FRP composites. 
It has been confirmed that the feasibility of the proposed model in characterizing the 
crack propagation with correct volumes of released energies. In addition, we 
investigated the underestimation of shearing stiffness after the crack occurring with an 
element. It should be noted that a correction factor is needed in all three benchmark 
simulations to avoid above underestimation in structural shearing stiffness.  
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CHAPTER 4 
 
The ECDM Applications in 
Homogeneous Structure 
 
4.1. Overview 
Several numerical modelling examples of structural specimens made of isotropic 
material, e.g. concrete and metal, will be carried out in this chapter to evaluate the 
performance of the developed ECDM user element, and to show the superiority of the 
ECDM in computational efficiency and accuracy when characterizing the crack 
propagation in structures. Overlapping elements with zero stiffness can be placed in the 
FEM mesh to visualize the discretization of the ECDM user elements. Quasi-static 
crack propagation is mainly considered in this investigation. The accuracy, mesh-
independency, robustness and capability are then presented and discussed through 
numerical examples in simulating arbitrary crack propagation using the proposed 
ECDM. Moreover, according to the derivation of the ECDM formulations, the ultimate 
ECDM equilibrium is only with the standard DoFs, which is the main advantage of the 
proposed ECDM. Thus, comparing to XFEM, the ECDM is expected to possess a 
potential high computational efficiency when dealing with the structural problem with 
strong nonlinearity. To demonstrate the computational efficiency of the proposed 
ECDM, XFEM available in the commercial FEM code ABAQUS (V6.12) will also 
applied to model the corresponding structures, and modelling results including 
structure response, convergence rate and the computational cost will be compared 
comprehensively with that obtained from the ECDM. 
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4.2. Modelling a single crack 
propagation in homogeneous 
structures 
In the following numerical examples, homogeneous quasi-brittle materials will be used, 
and a cohesive strength based criteria will be employed to determine the damage 
initiation, which means that when the maximum principal stress at any Gaussian points 
of any elements is beyond the cohesive strength of any individual fracture mode, the 
damage onsets. When crack is judged to propagate, the perpendicular direction to the 
maximum principal stress is adopted to be the crack propagating direction within 
elements. The strain field related damage factor shown in Eq. (2-26) will be used to 
account damage accumulation until it satisfies the crack criteria determined by the 
fracture energy. Bilinear cohesive softening law is adopted in the failure evolution 
characterization. 
4.2.1. A concrete beam under three-point bending 
One of most popular specimens in concrete material testing, three-point bending, is 
modelled, as a preliminary structural level modelling for the verification of the 
proposed ECDM. The geometry and boundary conditions of beam modelled can be 
seen from Figure 4-1. A nominal notch exists at the center of the beam, whose length 
is 50mm. This simply supported beam is made of Ultra High Performance Fibre 
Reinforced Concrete (UHPERC) and subjected to displacement-controlled loading. 
The experiment work together with modelling results by cohesive elements are reported 
in the corresponding work (Awinda et al., 2014). The following material properties for 
UHPERC are used in modelling simulation: Young’s modulus E=47000MPa, 
Poisson’s ratio v=0.3, tensile strength ft0=8.0MPa and fracture energy release rate 
Gc=30000.0 N/m. In order to reduce computational work, only the potential damage 
zone is discretized using the developed ECDM user element. In order to investigate the 
mesh-independent attribute of the proposed ECDM, four sets of different mesh-sized 
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models, named by four different numbers of user elements in Figure 4-2, are 
investigated. It should be noted that different total numbers of elements to model the 
middle region of the beam marked by dash lines highlighted in Figure 4-1 indicate 
different mesh sizes used in investigation, which are 682, 338, 434 and 310 elements, 
respectively. All these models are constructed by the four-node plane strain user 
elements with the ECDM. 
 
Figure 4-1. A concrete beam with a notch under three-point bending. 
 
Figure 4-2. Load-displacement curves given by the ECDM and experimental work. 
It can be seen from Figure 4-2 that the ECDM predicted initial stiffness of the notched 
beam agrees with experimental results very well. The predicted failure load (peak value) 
is slightly higher than that measured in experiment. The possible reason for the 
overestimation is that the data for fracture property and material strength is collected 
from a limited number of test specimens. Moreover, intact material is assumed 
throughout the specimen in the modelling work, while, in fact, the actual specimen in 
experiment cannot be completely perfect. Attempts have been made by others to 
simulate the complex crack patterns in concrete by pre-inserting cohesive elements 
within very fine and elaborate meshes. However, this will significantly increase the 
meshing work burden and difficulties in achieving convergent result. In the crack 
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propagation, or post failure stage, the ECMD prediction almost agrees with 
experimental work. Because of the relatively high fracture toughness of the UHPERC, 
after the failure load reached, the response remains at a higher level in the post-failure 
response rather than dropping down immediately. The post-failure response of 
UHPERC is remarkably different with conventional concrete and this feature enables 
the UHPERC a promising material in the application of civil engineering field. The 
predicted load-displacement curves are plotted in terms of four models with different 
mesh densities shown in Figure 4-3. It can be seen that the load-displacement curves 
obtained from the modelling meshes with 682, 558 and 310 elements are almost the 
same, only the result from mesh containing 434 elements is slightly higher than others. 
In the experimental work, beside the dominant crack in the center of specimen, the 
spread of micro cracks could also be observed throughout the specimen after unloading. 
This can possibly be attributed to the pre-existing micro defects, which is inevitably 
originated in the manufacture process of specimen. As afore mentioned, the modelling 
assumes perfect materials and ignores all these micro defects and the inherent 
heterogeneity of the UHPERC at the micro-level. Figure 4-3 shows the deformation of 
the beam model with the finest mesh together with a cracked band in the middle section 
presented by a maximum principal strain field under applied displacement of 2.25mm. 
The deformation due to the macro crack opening can be observed in the area with large 
deformation. The crack propagation basically follows the grey band in the maximum 
principal strain shown in the contours. Based on the above comparison and discussion, 
it can be concluded that the predicted failure response is independent on the mesh 
densities, and coincident to the experimental measurement. Therefore, the ECDM 
based modelling provides a reliable prediction of fracture behavior of the UHPERC 
sample. 
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Figure 4-3. Maximum principal strain contour field in a concrete beam under three-point 
bending simulated with the ECDM at the final state of analysis. 
4.2.2. A notched concrete beam under asymmetric bending 
In the above UHPERC three-point bending beam modelling, the crack propagation 
keeps a straight line. In this section, the capability of the ECDM in simulating a curved 
crack path will be assessed by a concrete beam with a notch, subjected to asymmetric 
bending load. The corresponding experiment work was reported by Gálvez et al. (1998), 
which is a widely used example in the verification of FE computational damage 
algorithms (Dias-da-Costa et al., 2009; Gürses & Miehe, 2009; Fries & Baydoun, 2012). 
The geometry and boundary conditions of the investigated beam are illustrated in 
Figure 4-4, from which it can be seen that the beam contains a pre-existing 75 mm high 
notch, and is subjected to an displacement controlled asymmetric bending load. The 
stiffness of spring K can be 0 (i.e., the corresponding support is free) and infinite (i.e. 
the vertical support is translate fixed). The following material properties of normal 
concrete are taken from the previous experimental work: The Young’s modulus and 
Poisson’s ratio are, respectively, E=38000MPa and v=0.2, material tensile strength 
ft0=3.0MPa and fracture toughness Gc=70.0N/m. 
 
 
Figure 4-4. A concrete beam with a notch under asymmetrical bending. 
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Figure 4-5 shows the predicted deformation pattern of the investigated beam in the case 
with a zero coefficient of spring. In this scenario, the support at the left top of the beam 
is absent. The crack propagation of specimen is presented in terms of the maximum 
principal strain contour, which shows a curved crack path propagated from the top of 
initial crack towards to the top of the beam. Figure 4-6 shows the predicted failure 
response using the proposed ECDM together with XFEM predictions for comparison. 
A result from experimental work is also given in Figure 4-6 to assess the accuracy of 
the predicted structural response. In Figure 4-6 (a), the predicted curves of total reaction 
versus the crack mouth opening distance are plotted. It can be seen that by the ECDM 
the predicted initial stiffness agrees with experimental work well. The computed failure 
load (peak value) by the ECDM is between the upper and lower bound of failure load 
envelope obtained from experimental work. In essence, most of the post-failure 
response given by the two models follows the variation of the experimental envelope. 
However, the ECDM prediction shows a smoother post-failure response than the 
XFEM. It is worth being noted that XFEM needs the aid of viscous damping technique 
in analysis, otherwise no convergent result can be reached. This example demonstrates 
that the ECDM with embedded micro-mechanical CDM is able to predict the realistic 
damage evolution and crack propagation in this fracture simulation. Compared with the 
experimental observation, the ECDM predicted crack path stays within the 
experimental envelope as shown in Fig. 4-6(b). Figure 4-6 (b) also shows XFEM 
predicted crack path by element CPE4, which agrees with experimental measurement 
and the ECDM prediction at early crack path but moves away from experimental work 
at the late crack path. 
 
Figure 4-5. The ECDM simulated crack propagation in the case of K=0. 
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In Figure 4-7, the deformation pattern from ECDM simulation of cracked beam in the 
case with K=∞ is shown. Comparison of failure responses between the ECDM, XFEM 
and test in this boundary condition scenario is shown in Figure 4-8. It can be seen that 
both the ECDM and XFEM predicted initial stiffness agree with test envelop very well; 
the ECDM computed failure load agrees with that obtained by test, while XFEM 
overestimates the failure load by about 15%. In the post failure stage, the responses 
obtained from both the ECDM and XFEM do not follow the tested failure response, 
and higher residual stiffness than the test is predicted. The ECDM prediction is between 
test and XFEM. The reason for this disagreement is possibly due to that K=∞ as an 
absolute restraint applied on the top left corner of the beam model but the exact same 
condition would rarely be applied on the test samples. Any slight movement would 
possibly influence the post failure response. Figure 4-8(b) shows crack path obtained 
from test, the ECDM and XFEM. The ECDM predicted crack path agrees with the 
experimental envelope very well. XFEM prediction partly moves away from the tested 
crack path at an early stage of crack propagation and then inclines back to the 
experimentally obtained envelop. 
 
Figure 4-6. (a) The ECDM and XFEM simulated failure responses together with experimental 
envelop, (b) a comparison of the crack path between predictions and test in the case of K=0. 
 
The above modelling analysis of the concrete beam under asymmetric bending load 
demonstrated that the proposed ECDM is able to capture the arbitrary crack behavior 
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with sufficient accuracy, and characterize the crack path and residual stiffness of the 
structure during crack propagation. In addition, the convergence rate and stability of 
the ECDM are comparable to XFEM. 
 
 
Figure 4-7. The ECDM simulated crack propagation in the case of K=∞. 
 
Figure 4-8. (a) The ECDM and XFEM simulated failure responses together with experimental 
envelop; (b) Comparison of crack path between predictions and test in the case of K=∞. 
 
4.3. Modelling multiple crack 
propagation 
The multiple cracks can generally observed in the damage specimens. Therefore, in 
the development of computational damage modelling tool, the capacity of describing 
multiple crack propagations has become one of the major concerns in modelling the 
failure process in engineering structures. 
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4.3.1. A steel plate specimen with two holes and two notches 
under tension 
Herein, a steel plate specimen with two holes and two pre-existing notches will be 
modelled by the ECDM. This example is investigated to evaluate the capability of the 
ECDM in simulating multiple crack propagation. The geometry, boundary conditions 
of a rectangular steel plate with two holes and two initial cracks were taken from 
previous work (Fries & Baydoun, 2012), which have been shown in Figure 4-9. The 
thickness of the plate is 1 mm. Following the material properties adopted by the 
previous modelling work, the Young’s modulus and Poisson’s ratio are, respectively, 
E=210000MPa and v=0.3. Material tensile strength ft0=235MPa. Because the 
specimen is a thin walled plate, thus plane stress material constitutive model will be 
used in investigation. The lower side of the specimen is fixed, and displacement is 
prescribed on the upper side of the specimen, as shown in shown in Figure 4-9. It should 
be noted that this analysis is carried out for focusing on multiple crack propagation. 
Only the crack path will be presented, and the cohesive effect is ignored in simulation 
for quickly tracking the crack paths. 
In this modelling work, two cracks can be tracked with an assistance of using a common 
data block COMXYC in coding, by which the crack tip information can be shared by 
different elements and updated at each loading increment. Figure 4-10 shows the 
ECDM predicted two-crack propagations using both coarse mesh with 4432 elements 
and refined mesh with 17414 elements. Because the inherent symmetrical characteristic 
of the structure and boundary condition are applied on the structure, it is expected that 
the two simulated crack paths are symmetric and look similar. The numerical results 
obtained by both the fine mesh model and coarse mesh model provide a good prediction 
in crack pattern of the plate. The simulated crack paths by the ECDM reflect the reality 
of the actual cracking pattern in this steel plate. This numerical example basically 
confirms the capability of the ECDM in tracking the multiple crack propagations, 
although there is no available experimental work reported in literatures for comparison. 
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Figure 4-9. A steel plate with two holes and two initial cracks under tension.  
 
 
 
Figure 4-10. The ECDM simulated two cracks’ propagations obtained by (a) coarse mesh 
model and (b) refined mesh model, presented by principal strain contour. 
 
4.3.2. Double edge notched concrete specimen 
To further evaluate the performance of the ECDM in capturing multiple cracks, herein, 
another benchmark specimen modelled is a double notched concrete block, subjected 
to mix-mode load. This model is presented for the assessment of different crack 
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propagations in a mixed-mode dominated situation. As shown in Figure 4-11, it is a 
plain concrete specimen with double notches on left and right side, tested by Nooru-
Mohamed (1992), whose configuration and dimensions are presented in the figure, as 
well as loading and boundary conditions. The size of specimen is 200 mm × 200 mm 
and 50 mm of thickness, with two notches (25 mm in depth). The steel clamps in dark 
gray for applying distributed load are treated as rigid parts when carrying out numerical 
simulations. In experimental work, specimens were tested subjected to different 
loading conditions. Herein, only the following loading scenario is investigated: a 
displacement-controlled tensile axial load Fn is applied on the top of specimen, on the 
presence of a constant shear force Fs, i.e. 10KN, prescribed on the upper left side above 
the notch of specimen throughout the tensile loading procedure. Material properties, 
Young’s modulus E0 = 30000 MPa, Poisson’s ratio ν0 = 0.2, tensile strength ft0 = 3.0 
MPa and fracture energy Gc = 0.11 N/mm were used in modelling. All these material 
parameters are taken from (Dumstorff & Meschke, 2007). Three meshes with different 
edge lengths of element are modelled, which are 2, 4 and 8 mm, respectively. The 
sequence of these three models is defined as (S1, S2, S3). It should be mentioned here, 
the existing notches are not physically modelled in this test, but characterized as initial 
cracks by cracked the ECDM elements. 
 
Figure 4-11. Mixed-mode fracture test: structural scheme, including mesh, loading and 
boundary conditions. 
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Figure 4-12(a-c) shows the predicted crack propagation by the ECDM in terms of 
maximum principal strain contours, from which highly localized strain zones, 
representing two nearly antisymmetric curved cracks, can be observed as two cracks 
propagating simultaneously from the notch roots to the opposite sides. An excellent 
coincidence in crack paths is obtained for three models with different mesh sizes. The 
comparison between numerical results and experiment measurement is carried out in 
Figure 4-12(d). The ECDM tracks the crack propagations very well by recording 
different locations of the crack tip during crack propagation, which fairly coincides 
with the experimental envelope for all three meshes. Insignificant difference can be 
distinguished and even the coarsest mesh can resolve the arbitrary propagation of 
multiple discontinuities. The curvature of the crack observed in the experiments is 
perfectly reproduced by all numerical simulations, independent of element size. 
Through the above comparison, it can be declared that the ECDM can mesh-
independently capture different discontinuities propagating arbitrarily without 
knowing a priori crack paths. These results confirm again the mesh independence of 
proposed model, as well as the robustness of the crack tracking algorithm. 
The curves shown in Figure 4-13 exhibit numerically predicted vertical load versus 
corresponding displacement, together with the experimentally obtained results, and the 
numerical results from the Extended E-FEM (Wu et al., 2015) and XFEM (Dumstorff 
& Meschke, 2007). The ECDM computed structural responses, almost coincident for 
three meshes, are very close to those obtained from the other numerical approaches. 
The softening behavior, which is known as a classical effect of a propagating crack on 
the structural response, can be well captured. It should also be noted that slight 
difference can be found in the softening procedure which can be attributed to the 
relatively crude characterization of the materials’ constitutive relation (Dumstorff & 
Meschke, 2007). It can be found that a deviation is existing between the numerical 
results, from different approaches, and experimental observation which may possibly 
be a consequence of some critical differences between the simulations and experiments, 
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such as the obvious overestimation of the fracture energy and of the tensile strength, as 
discussed in (Feist, & Hofstetter, 2006) and (Dumstorff & Meschke, 2007). 
 
Figure 4-12. Predicted multiple crack paths and the comparison between experimental data. 
 
 
Figure 4-13. The structure response curve: load versus vertical displacement. 
0.00 0.04 0.08 0.12 0.16 0.20
0
5
10
15
20
Lo
ad
 (K
N
)
Vertical displacement (mm)
 S1
 S2
 S3
 Extended E-FEM
 XFEM
 Experiment
S1 S2 
S3 
Chapter 4 
135 
 
It should be noticed that in the work of modelling the multiple crack propagations, 
including both the steel plate with two holes and the concrete block with two initial 
notches, we do not consider the crack bifurcation and merging, which is generally a 
common phenomenon in material failure and a great concern in numerical modelling 
of computational material failure. 
 
4.4. An isotropic specimen without 
initial crack 
The specimens we have modelled above are all with initial cracks. On the presence of 
initial crack, crack propagation can only originate from the tip position of initial crack, 
which obviously eases the crack tracking procedure. For engineering structure, not all 
the structures are with initial cracks, so that a specimen without any pre-existing crack 
should be tested. A concrete specimen subjected to three-point bending, within which 
there is not any existing crack, will be simulated. Similar to the UHPERC three-point 
beam modelled in section 4.1.1, the simply supported beam is loaded symmetrically by 
means of an imposed displacement at the center of the beam on the top edge (see Figure 
4-1). In the case that the specimen are loaded without initial crack, the failure can occur 
from any location throughout the specimen. When the stress status at any material point 
is beyond the threshold of material load bearing, the crack is judged to be propagating 
from the specified point. The perpendicular direction of maximum principal stress is 
determined to be the propagating direction. Generally, the crack initiates from the 
boundary of structure. In some special cases, cracks may initiate from the internal 
position of specimen, then two crack tips can possibly be recognized for every one 
crack. 
The following material properties of plain concrete are used in modelling: Young’s 
modulus E = 31000 MPa, Poisson’s ratio ν = 0.3, tensile strength ft0 = 1 MPa and 
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fracture toughness Gc = 0.1 N/mm. Two sets of mesh, one with 150 elements and the 
other with only 36 elements, are modelled. 
In Figure 4-14, the deformation after crack has propagated throughout the entire 
specimen is presented. It can be seen that, from the maximum principal contours, a 
crack is initiated from the center of the beam’s bottom edge, this initiation region is 
recognized as the most serious stress concentration region. After the crack onsets from 
the center of the bottom, for both the fine and coarse meshes, the crack propagates 
straightly upwards, towards to the loading point. The crack paths for both the coarse 
and fine meshes are exactly the same, which demonstrates the ECDM can simulate the 
crack propagation without mesh alignment.  
The load–displacement response of the three-point bending test with the concentric 
crack is shown in Figure 4-15. Again, the response curves from two models are almost 
identical. To compute the energy dissipation during the damage evolution, we integrate 
the area under the load–displacement response curve for the mesh with 150 elements 
shows that the energy dissipated Wf is equal to 502.48 Nmm. With this dissipation we 
can obtain analytical fracture toughness calculated by the Eq. (4-1), which agrees with 
the input property we adopted very well. 
ܩ௖ ൌ ୛೑௕ௗ ൌ 0.10124	ܰ/݉݉aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (4-1) 
In which b and d are the depth and thickness of the beam specimen. This depth b is the 
crack length that the specimen has experienced in the loading process. This agreement 
further indicates that the introduction of the advanced equivalent damage factor 
according to energy dissipation during the post-failure process, can characterize the 
damage evolution with sufficient accuracy and can predict the physical course with the 
real volume of dissipation. The thermodynamically consistent nature of damage 
procedure has been guaranteed completely in the modelling work. 
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Figure 4-14. Maximum principal strain contour field in a concrete beam under three-point 
bending simulated with the ECDM at the final state of analysis. (a) for fine mesh model and 
(b) for coarse mesh model. Crack is shown in gray band. 
 
 
Figure 4-15. Load-displacement curves given by the ECDM and experimental work. 
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predicted energy dissipation and the experimentally obtained value, this over-
estimation can be possibly attributed to the restriction of the ECDM that a discontinuity 
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
0
1
2
3
4
5
6
7
R
ea
ct
io
n 
Fo
rc
e 
(K
N
)
Displacement (mm)
 Fine Mesh
 Coarse Mesh
(a)
(b)
Chapter 4 
138 
 
must cross the entire element. This restriction makes that the model shows some 
unsmooth features when the element mesh is very coarse. 
 
4.5. A comparative study: ECDM vs. 
XFEM 
By the above numerical applications of the ECDM, it has been demonstrated that the 
proposed model is capable of simulating the crack propagation within isotropic material 
with sufficient accuracy. In this section, for the purpose of assessing the ECDM’s 
performance and exhibiting its superiority in computational efficiency and robustness, 
a comparison will be carried out on a benchmark test by the ECDM and XFEM. XFEM 
in FEM commercial package ABAQUS (V6.12) is adopted in this comparative study. 
In the present work, again, a quasi-static analysis is devoted to the determination of the 
stress and displacement fields. It is worthwhile noting that analysis with discontinuities, 
like those involving fracture mechanics problems, are numerically cumbersome in 
ABAQUS/Standard and the default time integration scheme may lead to premature 
cutbacks and terminations, requiring thus to be treated with special carefulness. 
Fortunately, the ABAQUS User's Manual provides clear information and useful hints 
to avoid the majority of these drawbacks. More in detail, to speed the convergence rate 
up, time incrementation parameters are thought to be the first ones to be modified. 
These improve the convergence behavior in those cases in which the convergence is 
non quadratic or when it is initially non monotonic. Non monotically decreasing 
residuals are the result of several interacting nonlinearities, e.g., nonlinear material 
behavior, high stress localization and friction. In addition, if the Jacobian is not exact, 
due to complex material models, non-quadratic converge rates may appear. In this 
section, we mainly compare the efficiency, and the stability of the new ECDM against 
XFEM available in the commercial code ABAQUS (v6.12). 
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4.5.1. Single-edge notched beam (SENB) 
In this test, a single notched beam, made of concrete, is subjected to four point bending 
load. Mixed-mode failure with a curved crack path is observed experimentally (Nooru-
Mohamed, 1992). As shown in Figure 4-16, the dimensions of the SENB are 440 × 100 
× 100 mm3 with a notch of sizes 5 × 20 × 100 mm3 at the top center. The loading and 
boundary conditions are also presented in the figure. A rigid bar is set up for the 
purpose of imposing an eccentric proportional load P at the bottom of beam. Through 
the rigid bar, the load proportions applied on the left and right load point are 1/11P and 
10/11P, respectively. Rigid caps are located between the applied loads (in addition to 
the support reactions) and the concrete SENB. Following the work of Wells and Sluys 
(2001) and Wu et al. (2015), the material properties used in modelling is: Young's 
modulus E = 35000MPa, Poisson's ratio = 0.2, tensile strength ft =3.0MPa and fracture 
energy Gf = 0.1Nmm. 
 
Figure 4-16. Configuration of the Single-notched concrete beam under four points bending. 
Similar with afore-assessed concrete block specimen modelled in section 4.1.4, four 
meshes, are simulated by both the ECDM and XFEM for mesh sensitivity investigation, 
defining the sequences (S1, S2, S3, S4) in the following analysis. Their average element 
sizes in the potential fracture zone are, h = 8, 5, 2 and 1 mm, respectively. The 
numerical simulations have been done without beforehand, setting a priori the 
discontinuity evolution path, so that discontinuities, i.e. cracks, can propagate 
arbitrarily within the material. Figure 4-17 depicts the calculated crack paths in terms 
of maximum principal strain (buckled zone are shown in gray), from which curved 
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cracks can be observed and the predicted propagating paths from four meshes are 
indistinguishable, and all agree well with the predicted crack pattern by XFEM shown 
in Figure 4-18. Figure 4-19 summarizes the crack trajectories predicted by the ECDM 
simulations, together with the experimental envelop for comparison. The predicated 
crack paths, from 4 models with different mesh sizes, are all very consistent and 
perfectly retaining within the experimental envelop, despite they are obtained with 
vastly different element sizes. Similar to the scheme XFEM hiring, the curved crack 
path is computed using a principal stress initiation criterion. At the later stage of load 
bearing, because of the compressive stresses around the rigid cap, some residual load 
capacity still exists as demonstrated by the experimentally obtained data. The predicted 
residual stiffness of structure is slightly lower than the experimental data. No obvious 
spurious stress locking is observed in the ECDM simulations.  
Figure 4-20 displays the sequences of predicted responses, with progressively refined 
meshes, provided by the ECDM and XFEM procedures. Regarding structural response, 
the relative difference in vertical displacements on each side of the notch, i.e., crack 
mouth sliding displacement (CMSD), is computed as the abscissa, while the reacted 
force on the loading point is treated as ordinate. Both the numerical results of loads vs. 
CMSD curves from the ECDM and XFEM are compared to the experimental results. 
By the ECDM, four meshes (S1, S2, S3, S4) give almost identical responses; not only 
the calculated peak load but also the post-peak softening branch show reasonable 
agreements with the experimental envelope. This excellent agreement confirms the 
validation of the equivalent damage factor, which is derived based on the energy 
dissipation consistency. The analysis of benchmark modelling indicates that the 
proposed ECDM is capable of predicting rather well arbitrary discontinuity 
propagation path and it can keep its accuracy and robustness along with the change of 
element size. The results obtained from XFEM show some dependence upon the mesh 
structure because the both the peak load and post-peak bearing process are obviously 
different for different meshes. Moreover, due to the viscosity introduced in XFEM to 
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improve convergence rate, the predicted strength of structure by XFEM is significantly 
overestimated as shown in all four loads vs. CMSD curves of Figure 4-19. 
 
 
Figure 4-17. Predicted crack paths by the ECDM with different meshes. 
 
 
Figure 4-18. Predicted crack paths by XFEM in ABAQUS. Only the S3 result is presented. 
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Figure 4-19. Predicted crack paths by the ECDM and the comparison with experimental 
envelop. 
  
  
Figure 4-20. The comparison for the reaction force versus CMSD curves between the ECDM, 
XFEM and experiment. 
0.00 0.02 0.04 0.06 0.08 0.10
0
10
20
30
40
50
60
S1
Lo
ad
 (K
N
)
CSMD (mm)
 Experimental envelop
 ECDM
 XFEM
0.00 0.02 0.04 0.06 0.08 0.10
0
10
20
30
40
50
60
S2
Lo
ad
 (K
N
)
CSMD (mm)
 Experimental envelop
 ECDM
 XFEM
0.00 0.02 0.04 0.06 0.08 0.10
0
10
20
30
40
50
60
S3
Lo
ad
 (K
N
)
CSMD (mm)
 Experimental envelop
 ECDM
 XFEM
0.00 0.02 0.04 0.06 0.08 0.10
0
10
20
30
40
50
60
S4
Lo
ad
 (K
N
)
CSMD (mm)
 Experimental Envelop
 ECDM
 XFEM
Chapter 4 
143 
 
4.5.2. Computational efficiency and convergence rate 
To examine the computational efficiency of the proposed ECDM, the total CPU time 
to solve the nonlinear problem by both the ECDM and XFEM ABAQUSis depicted in 
Figure 4-21. Plane strain constitutive equations are employed in both the ECDM and 
XFEM. Standard gauss integration is performed for each element with 4 integration 
points. To keep the objectivity of the comparison, we set the loading parameters to be 
identical with a maximum prescribed displacement of 0.05 mm, and suggested initial 
incremental size and maximum incremental size (pseudo time increment) of 0.01 and 
0.1, respectively. All the simulations are run on a Thinkpad T430s (×64 bit operations) 
laptop with Intel Core i7-3520 M central processing unit (CPU) at 2.9 GHz and with 4 
GB of RAM. Figure 4-21(a) plots the comparison of the CPU time (in seconds) spent 
in solving the single notched beam test by the ECDM and XFEM as a function of 
element size, by which we demonstrated that, as compared to XFEM, the ECDM can 
save more than 60% in terms of CPU time. In particular, for model S3, the CPU time 
can be reduced from 1243s to 214s, which is an 82.7% saving. The ECDM shows 
significantly improved computational efficiency. Figure 4-21(b) presents the total 
iteration number to solve the benchmark model, from which it can be seen that the 
ECDM performs significant better in convergence rate when dealing with this nonlinear 
problem, this is because convergent solution can be quickly obtained with far less 
Newton-Raphson iterations when comparing to XFEM. Especially for the case that the 
element size is 2mm, the total iterations to solve the Single-edge notched beam problem 
using XFEM technique is about 2200, while for using the ECDM, only around 300 
iterations are needed. Significant increase in computational efficiency is achieved by 
using the ECDM in simulating the crack propagation. 
In Figure 4-22, the total number of the iteration versus the element size is presented. It 
can be observed that, for XFEM, once there is an element cracked in the structure, the 
convergence rate of numerical iteration will be very slow, and sometimes, XFEM may 
encounter convergence issue, and the cutback of increment can be observed. As 
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aforementioned, the aid of viscous damping technique is necessary for the application 
of XFEM, while for the ECDM, no requirement of such technique is needed. There is 
no sudden increase of the total iteration number when we carried out the damage 
modelling by the ECDM. The curve from the ECDM model basically shows linearity. 
 
Figure 4-21. Comparison of the (a) CPU time and (b) Total iteration numbers, in solving the 
Single-edge notched beam model by both the ECDM and XFEM. 
 
 
Figure 4-22. Comparison of the (a) CPU time and (b) Total iteration numbers, in solving the 
Single-edge notched beam model by both the ECDM and XFEM. 
 
Hence, summarizing we can say that in general the good and accurate results for 
arbitrary crack propagation given by the ECDM is obtained and meanwhile the 
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nonlinearity enable it a promising numerical tool in predicting failure course in large 
scale structures.  
 
4.6. Summary 
Throughout all the performed numerical examples in this, we have demonstrated that 
the new ECDM approach achieved a significant improvement in numerical accuracy, 
stability and efficiency, thanking to the condensation of additional DoFs and the 
rigorous derivation of the equivalent damage factor. In particular, through a relative 
objective comparison study on the asymmetric concrete beam with a pre-existing notch, 
we have demonstrated that the ECDM has achieved a substantial improvement in 
numerical efficiency by at least 60% as compared to XFEM. 
Through modeling of notched three-point bending beam and four-point bending beam 
the capability of the ECDM in correctly accounting for the weak discontinuity, as well 
as in arbitrary crack propagation has been demonstrated. Furthermore, the mesh 
dependency of the ECDM has been investigated with the three-point bending beam 
modelling, with which it can be confirmed that there is no mesh sensitive problem when 
using the ECDM in predicting the failure behavior of isotropic materials. By modeling 
multiple cracks within a metal and concrete block, it can be demonstrated that the 
ECDM is capable of capturing the multiple crack propagations of homogeneous 
structure. In the simulation of an asymmetric loaded concrete beam with pre-existing 
notch, it has further been demonstrated that the ECDM is a mesh independent method 
because different mesh sizes and loading schemes do not have much influence in the 
final results. More importantly, the computational efficiency attributed to the 
condensation of additional DoFs has been achieved compared to XFEM. 
As it has been discussed in Chapter 1, one of the most significant unresolved challenges 
that is even more critical to composite structural safety and durability is how to 
accurately account for the damage initiation and propagation, and link their detrimental 
Chapter 4 
146 
 
effects on structural integrity in a quantifiable way, with sufficient numerical accuracy 
and efficiency. Therefore, we should evaluate the performance of the ECDM in 
modelling the failure mechanisms within composite structures.
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CHAPTER 5 
Applications of the ECDM in 
Modelling Failure Propagation 
in FRP Composites 
 
5.1. Overview 
In the last Chapter, the ECDM is applied in modelling the failure process in the 
homogeneous structure made of isotropic materials. The proposed model has 
demonstrated its capacity in predicting structural responses, including the structural 
strength and post-failure response. The crack propagation within homogeneous 
structures have been tracked with sufficient accuracy. Moreover, the computational 
efficiency and robustness of the ECDM have be evaluated by a notched beam under 
four-point bending, by which it has been shown that the ECDM can save the 
computational cost by at least 60% comparing to XFEM. This feature enables the 
ECDM suitable for modelling the damage in structural level specimens with large 
computational burden. 
For heterogeneous materials, local stress and strain field can be significantly varied due 
to the local material features, which poses special challenges to computational 
modelling. Moreover, the inherent heterogeneity at micro-scale may bring more 
complex failure mechanisms (Chandrasekaran et al., 2014; Krueger et al., 2000; Xiao 
& Ishikawa, 2005). Fracture can be found during damage evolution not only on the 
material demarcation but also on other surfaces that cannot be specified a priori. 
Sometimes, multiple failure mechanisms happen simultaneously and the undergoing 
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coupling during failure evolution makes predicting failure behavior on the presence of 
material heterogeneity a real challenge (Xiao & Ishikawa, 2005). Normally, the failure 
characteristic of heterogeneous materials is at the same scale with the configuration of 
heterogeneity. Therefore, the continuum damage strategy, based on the homogeneity 
assumption in simulations (Maimí et al., 2007), always performs struggling when 
encountering material heterogeneity, such as FRP composites. The features of the 
ECDM enable it a prospect numerical tool to efficiently characterize arbitrary material 
heterogeneity and the progressive damage/debonding evolution along material 
interfaces, and to account for coupling of multiple mechanisms in a physically 
consistent manner. In Chapter 3, we tested the ECDM in modelling the pure mode (i.e. 
Mode I and Mode II) and mixed mode delamination in FRP composites. To further test 
the ECDM, more complex FRP composites will be modeled in this Chapter, and 
multiple failure processes in the FRP composites will be simulated. 
 
5.2. The failure evolution criteria for 
simulating multiple failure behavior 
in FRP composites 
As has been discussed previously, the characteristics of the damage behaviors within 
composites are very complex and significantly different from the model made of 
isotropic materials. Consequently, a simple criteria based on the maximum principal 
stress will not anymore be capable in accurately determining the initiation of all failure 
mechanisms of composites. A set of more comprehensive failure criteria are required 
in modelling the failure within composites. In this work, we mainly focus on the failure 
modelling for laminated FRP composite structures, which have been applied widely in 
aerospace and other industrial fields. 
Similar to the scheme we used in the delamination benchmark modelling carried out in 
Chapter 3, herein, we still adopt the quadratic nominal stress criteria to determine the 
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initiation of mixed mode delamination, which has the following expression in 2D 
coordinate system: 
2 2
1n s
N S
           aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa
 (5-1) 
In which n  and s  are the normal stress and tangential stress on the interface surface, 
respectively. N and S are the strength of pure mode I and pure mode II delamination 
corresponding to delamination onset, respectively. The normal tractions do not affect 
delamination onset when it is under compressive status. Because the propagation of 
delamination in laminated composite structure is normally not arbitrary. Generally, the 
delamination direction should be pre-specified along the physical interface within 
materials, which is recognized as the potential delamination medium. Thus the path of 
delamination propagation is prescribed along the physical interface boundary. 
In dealing with the failure of matrix material, e.g. polymer resin, we adopt the 
maximum principal stress criteria as used for isotropic material. Thus, the crack 
propagating orientation in matrix is still variously determined by the perpendicular 
direction max to the direction of maximum principal stress. The only difference, 
between the matrix failure within FRP composites and homogeneous materials, is that 
the matrix cracking is not proposed to penetrate a physical interface by this modelling 
investigation. The failure mechanism of fibre breakage is really complex, for which, 
fibre tensile breakage, fibre pull-out and fibre kinking are the three main patterns 
commonly found. Herein, to simplify the complexity of the investigated problem, only 
fibre tensile breakage is considered in the failure modelling. For fibre tensile breakage, 
the axial stress along the fibre is used to judge the failure initiation, the perpendicular 
direction to the fibre alignment is recognized as the fibre breakage direction.  
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(a) Delamination           (b) Matrix cracking         (c) Fibre breakage 
Figure 5-1. A schematic illustration of failure criteria for FRP composites. 
Figure 5-1 schematically shows the failure criteria used in the laminated FRP 
composites, in which two elements are illustrated. The left element is an already 
cracked element, within which delamination has occurred. The right one is at the front 
of the delamination. Potential failure is anticipated to occur in this front element. Two 
domains with different material local direction are contained in the elements. In this 
case, there are three potential failure mechanisms associated with different boundary 
conditions. The stresses at the mid-point on the interface are used for the judgment of 
delamination propagation while the average maximum principal stresses at four Gauss 
points within upper layer (90ºply) and lower layer (0ºply) are calculated for the 
judgment of matrix crack and fibre breakage, respectively. 
In the mixed mode delamination, the principle used to characterize the delamination 
evolution under mixed-mode loading conditions is usually established in terms of the 
energy release rate and fracture toughness. The mode ratio can be an important index 
for mixed-mode loading condition, which is significantly essential for the 
determination of the mixed mode fracture toughness. Therefore, in the formulation of 
the mixed mode delamination evolution, the mode ratio must be accounted in the 
formulation of damage evolution. By employing scanning electron microscope 
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technique (Reeder, 1992), the analysis on the relationship between the mixed-mode 
interlaminar fracture toughness and the fracture surfaces of unidirectional laminates 
has been thoroughly investigated: for epoxy composites under pure Mode I loading the 
fracture surface is flat indicating cleavage fractures, whereas under pure Mode II 
loading the fracture surface of epoxy composites exhibit hackles having an orientation 
of approximately 45° with respect to the fibre aligning direction. Under Mixed-modes 
I and II the failure mechanisms are more complex, including both cleavage paths and 
hackles. 
Currently, there are two theories mainly applied in characterizing the delamination 
evolution under mixed-mode loading. The so called ‘power law criterion’, the most 
widely used one, is formulated in terms of an interaction between the energy release 
rates: 
, ,
1I II
I c II c
G G
G G
               aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa
 (5-2) 
In the experimental work carried out by Reeder (1992), the Mixed-modes I and II 
interlaminar fracture toughness of composites are measured via a Mixed-Mode 
Bending test. By evaluating the experimental data measured from a series of tests, the 
purpose of evaluating the main theories proposed to describe the delamination 
propagation has been achieved. By the assessment, it has been found that the power 
law criterion expressed in Eq. (5-1) with α ൌ β ൌ 1  performs very well in 
characterizing the failure of thermoplastic PEEK matrix composites. However, in the 
case of epoxy composite structure, the power low encountered setbacks in capturing 
the failure process on the dependence of the mixed-mode delamination. Considering 
the above discussions, for mix-mode delamination propagation, based on the mixed 
mode criterion proposed by Benzeggagh and Kenane (1996), a total fracture toughness 
is computed with regard to a function of crack mode ratio and a mixed mode parameter:  
Chapter 5 
152 
 
 , 11c I c II,c I,cG G G - G


     
aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa 
(5-3) 
in which the mix-mode parameter  is taken as 1.39 according to the work (Camanho 
et al., 2003). For a normal opening delamination case, the mode mixity ration  in 
above BK law is defined as: 
0
0
n
s
N
S

  aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa (5-4) 
where 0n  and 0s  are the normal and shear initial stress corresponding to the onset of 
softening under mixed-mode loading, respectively. In the BK law, the variation of 
fracture toughness can be accurately accounted as a function of mode ratio in epoxy 
composites. The mode ratio is determined on the instant of delamination onset and 
regarded to remain constant throughout the failure evolution. 
 
5.3. Computational failure modelling of 
FRP composite structures 
As aforementioned, for computational failure modelling of heterogeneous materials, 
one of the major challenges is that most existing numerical approaches are incapable 
of representing the phenomenon on the presence of complex failure mechanisms. 
Laminated FRP composites, as a typical heterogeneous material, whose failure 
mechanisms are significantly complex and generally various failure modes can be 
found during load bearing procedure. Within the multiple damage behaviors, 
delamination is usually found to be occurring in the first place. Therefore, it is really 
critical to investigate the delamination mechanism in laminated FRP composites. 
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Currently, vast majority of numerical research on delamination propagation can be 
found focusing on the delamination confined to a single ply interface. In engineering 
field, damage in multidirectional composite laminates often involves multiple 
delaminations, which often grow and migrate into different ply interfaces. Recently, 
this phenomenon occurring within FRP composite structure has been investigated 
experimentally in detail by Ratcliffe et al. (2013). In the work, it is reported that two 
different mechanisms, delamination and matrix cracking, leading to perceived 
delamination relocation to a different ply interface are observed. These experiment 
observations highlight the great concern on constructing a powerful numerical tool 
which is capable of modelling multiple failure mechanisms including delamination 
growth together with matrix cracking, somewhile even associated with fibre fracture. 
The proposed model, featuring with arbitrary crack propagation and elimination of the 
special treatment for FE mesh, is believed to be suitable for the modelling of multiple 
failure mechanisms. Besides the aforementioned restrictions, so far, XFEM module in 
ABAQUS can still not deal with the fracture behavior including multiple failure 
mechanisms frequently found within composite structure. By implementing different 
failure criterion and evolution schemes as presented in previous section, this ECDM 
can overcome such drawback and deal with more complex fracture behavior, e.g. 
multiple delamination and delamination migration, in which not only delamination but 
also matrix cracking can be simulated. 
5.3.1. The multiple failure mechanisms within a stiffened 
FRP composite penal 
In this section, we model a stiffened FRP laminated specimen as the first application 
of the ECDM in analyzing the failure process of composite structure. The dimensions 
of the stiffened specimen under four-point bending condition and lay-up for the host 
penal and stiffener lay-up are demonstrated as in the follow Figure 5-2. The host skin 
consists of 32 unidirectional plies and the stiffener has 24 plies, all 0.15mm thick. There 
is a 0.2 mm adhesive layer between the skin and the thickened stiffener region (i.e., 
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where the stiffener is bonded onto the skin). The mechanical properties of 
unidirectional lamina and adhesive are given in Table 5-1. Considering the symmetry 
of structure and boundary condition, a half FE mesh is employed for modelling. 
 
Figure 5-2. Configuration of the modelled stiffened Fibre-composite penal. 
Table 5-1. Material properties of stiffened FRP composite penal 
Lamina material E11 
(Gpa)
E22 
(Gpa)
E33 
(Gpa)
G12 
(Gpa)
G13 
(Gpa)
G23 
(Gpa) 
v12 v13 v23 
T00/914C 139 9.5 9.5 5.4 5.4 3.6 0.32 0.32 0.5
Adhesive Redux319 E=3.78 Gpa G=1.35 v=0.4 
Interface Tensile strength N=30-50 Mpa    Fracture toughness Gc=1.1 KJ/m2 
 
 
(a) 
(b) 
Figure 5-3. Complex crack courses including: (a) multiple delaminations and (b) multiple 
failure mechanism associated with delamination and intralaminar fracture. 
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Figure 5-4. Load / displacement response from the ECDM comparing with experimental 
observations. 
Figure 5-3 shows multicrack failure patterns, which are identical to the observations of 
corresponding experimental work. Figure 5-3(a) shows multiple layered delamination 
while Figure 5-3(b) shows intralaminar fracture including fibre breakage as it is at the 
450 plies and the final delamination. Firstly, delamiantion initiates at the corner close 
to the end of the stiffener along the interface one layer above the bonding interface 
between skin and stiffener, which is between the first (+45º) and second (-45º) plies 
toward the middle of the penal. Meanwhile, there is a minor delamination occurred at 
the interface between 450 and -450 plies seven layers above the 450 and -450 interface 
with the major delamionation. When load is increased, an intralaminar failure occurs 
in the 450 plies at the end of the stiffener. Because of this intralaminar failure the major 
delamination goes through the 450 and -450 interface then totally separates the stiffener 
from the skin. In this modelling simulation, when major delamination goes through 
interface, the minor delamination is closed due to the significant bending but actually 
it is a delamination.  
The comparison of failure response between the modelling prediction and two 
experimental measurements is shown in Figure 5-4. It can be seen from the comparison 
that there is a gap of the tested failure load between two samples. The one with lower 
strength is possibly because of pre-existing defects from specimen manufacture. In 
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general, modelling prediction has good agreement with experiment results regarding 
initial stiffness, failure load and residual stiffness. The experimental measured failure 
response roughly records the failure load regarding the final delamination shown by a 
response drop in Figure 5-4. In the ECDM predicted failure response shown by the 
load-displacement curve, there is a slight stiffness reduction regarding the early 
multiple layered delamination shown in Figure 5-3(a) which is not captured by the 
experiment measurement. When the displacement is increased to 2.05 mm, an 
intralaminar failure with fibre breakage occurred at the 450 plies, and immediately 
followed by the final delamination for separating the panel. These two major cracks are 
reflected by a predicted significant response drop shown in Figure 5-4. As long as the 
fibre breakage at the 450 plies and the final delamination happen, the global bending 
stiffness displays a significant degradation. Simultaneously the relatively high strain 
field within the upper delamination region is released when the final delamination goes 
through the panel. The rest stiffness is the residual stiffness from the skin only. In this 
modelling investigation, the ECDM has reproduced the multicrack evolution in the 
laminated stiffened panel, which has confirmed that the proposed numerical model is 
an appropriate approach in simulating the multicrack failure including multiple layered 
delamination, intralaminar failure and fibre breakage. 
 
5.3.2. Modelling of the multiple delamination of composite T-
joint component 
The FRP composite T-joint component, as a crucial connection, normally can be found 
in many engineering structures such as aircraft, shipbuilding, aero engine blade, wind 
turbine blade, etc. Because of its relative complexity of configuration, predicting both 
damage resistance and failure mechanism is one of the most challenging segments in 
conservative design. Indeed, the dramatic change in geometry and discontinuity of the 
fibre reinforcements in the structure makes T-joints potentially weak points affecting 
the overall efficiency and integrity of the structures. Study of the failure mechanism of 
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the T-joint specimen under service loading conditions has been carried out via 
conventional CZM (Chen et al., 2009; Chen & Fox, 2012). However, attributing the 
complicated geometrical configuration of T-joint specimen, the meshing work in the 
CZM based modelling is cumbersome. In addition, to be able to meet the purpose of 
describing the multiple layered delamination, the interface elements are required to be 
inserted into each layer, which would course a convergent failure problem in nonlinear 
iteration. Thus only the single major delamination is considered in most previous 
modelling work. 
Herein, the multiple layered delamination of T-joint under both pulling and bending 
loading conditions will be modelled using the proposed ECDM. The geometry of T-
joint specimen is taken from the reference (Chen & Fox, 2012). Figure 5-5(a) shows 
the loading condition with bending and pulling plus clamped restraints on the foot of 
T-joint. Figure 5-5(b) shows the lay-up configuration in the deltoid of T-joint specimen. 
The properties of the material constitutes of the T-joint component is summarized in 
Table 5-2. 
 
Figure 5-5. (a) A model of T-joint under bending and pulling; (b) Lay-up configuration of T-
joint. 
Table 5-2. Material properties used in modelling for composite T-joint component. 
Material constitute 
E11 
(Gpa)
E22 
(Gpa)
E33 
(Gpa)
G12 
(Gpa)
G13 
(Gpa)
G23 
(Gpa) 
v12 v13 v23 
Chapter 5 
158 
 
Outer braided wrap 59.7 60.1 9.7 21.9 4.7 4.7 0.27 0.28 0.28
Braided UD layer 160 9.7 9.7 5.9 5.9 4.7 0.33 0.33 0.28
[0º] layer 152 9.7 9.7 5.9 5.9 4.7 0.33 0.33 0.28
[90º] layer and 9.7 152.0 9.7 5.9 4.7 5.9 0.02 0.28 0.33
Platform braids 65.8 46.1 9.7 25.8 4.7 4.7 0.42 0.28 0.28
Interface Nt=45Mpa,     Ns=35Mpa,        GIc=0.3kj/m2,    GIIc=1.0kj/m2 
 
Figure 5-6 shows the locally observed failure mechanisms in the area of deltoid region 
of T-joint under (a) bending and (b) pulling, respectively. Apparently, multiple layered 
delamination can be observed within the specimen under bending. The thermal 
shrinkage crack due to manufacture defect is treated as initially existing cracking in 
simulation. Figure 5-7 shows the ECDM predicted deformation together with 
multicrack failure including multiple layered delamination and intralaminar crack in 
bending and pulling cases. Crack propagations shown in Figure 5-7 are presented by 
maximum principal strain contours. The predicted multicrack failure has good 
agreement with experimental observation in both bending and pulling case. 
Considering the symmetry of the T-joint, a half mesh is modelled in pulling case, the 
predicted delamination in deltoid region of T-joint is shown in Figure 5-7(b). 
 
Figure 5-6. Failure pattern of T-joint in (a) bending and (b) pulling scenorio. 
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Figure 5-7. Delamination propagation of T-joint in (a) bending and (b) pulling scenorio. 
 
 
 
 
 
 
(a)                                (b) 
Figure 5-8. The ECDM predicted load-displace curves of T-joint in (a) bending and (b) 
pulling scenorio. 
Unlike the pulling case, the failure pattern coursed by bending load is dissymmetric 
delamination and typical multi-delamination distributed at different interfaces in the 
deltoid region of T-joint as shown in Figure 5-7(a). The multi-delaminations is found 
in the right part of radius laminates, which basically agree with experimental 
observation as shown in Figure 5-6. However, there is a dominated delamination at the 
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interface between deltoid region and UD braid plies in the right part of radius laminates 
caused by bending, which is obtained by both experimental measurement and 
modelling prediction shown in Figure 5-6 and Figure 5-7 respectively. The dominated 
delamination is actually a main crack growth in the failure pattern of T-joint under 
bending, which associates with a significant reduction of structural stiffness, and causes 
a number of minor delamination at different layers of T-joint. One of minor 
delamination is predicted at the UD 900-UD 00 interface shown in Figure 5-7.  
 
Figure 5-9. The comparison of failure load between numerical predictions and average test 
results. 
Figure 5-8 shows the ECDM predicted load-displacement curves under bending and 
pulling boundary conditions. It can be seen from Figure 5-8(a) and Figure 5-8(b) that 
there are two response drops in load-displacement curves in both bending and pulling 
cases. The first drop reflects the initial crack while the second drop reflects the final 
fracture shown in Figure 5-7. Although there is no experimentally measured load-
displacement curve reported by previous work regarding this T-joint investigation [22-
24], comparison of the failure loads between predictions and tests are shown in Figure 
5-9, in which a good agreement between prediction and test can be observed. Basically, 
the tested mean of failure load 33.5 N/mm in bending case is associated with the 
predicted failure load 27.6 N/mm at the modelled final fracture with a significant 
reduction of stiffness; while the experimentally measured failure load 113 N/mm in 
pulling case is associated with the predicted failure load 122 N/mm at the modelled 
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initial crack stage with a big response drop; the error in both cases is less than 8%. This 
ECDM based modelling demonstrated a reasonable prediction comparing to 
experimentally measured failure load, and disclosed detailed multicrack mechanism in 
this composite T-joint, which is not easy to be observed in experimental work. 
 
5.4. Modelling the delamination 
migration in a FRP composite 
laminate: a comparative study 
Figure 5-10 presents the basic configuration of the investigated laminated specimen 
which consists of a cross-ply IM7/8552 tape laminate with a polytetrafluoroethylene 
insert implanted at the mid-plane and spanning part way along the length of the 
specimen. The detailed configuration of the specimen and the test set-up can be referred 
to the original experimental work (Ratcliffe et al., 2013). There is an existing 
delamination with the length of 51mm at the 0/90 interface of specimen. The lay-up 
sequence of the laminate is 
[904/03/(90/0)2s/03/904/T/0/904/0/0/(90/0)2s/0/0/903/0/90]. 
The material properties of IM7/8552 lamina are E11=161.0 GPa, E22 = E33 = 11.38 GPa, 
v12 = v13 = 0.32, v23 = 0.436, G12 = G13 = 5.17 GPa and G23 = 3.98 GPa, respectively. 
Regarding the interfacial fracture parameters, both normal and shear strength, N and S 
are 15 MPs; both the fracture toughness Gc,I and Gc,II for mode I and mode II fracture 
are 0.25 N/mm. To be identical to the test, vertical displacement is conducted at the 
load-application point located at the front of existing delamination in order to initiate 
delamination onset and propagation. The delamination continues from the existing 
delamination along the 0/90 interface then followed by a matric crack as a kinking 
through the 90-degree ply stack and delamination migration to a neighboring 90/0 ply 
interface. Figure 5-11 presents the FE mesh configuration of the highlighted region in 
Figure 5-10, from which it can be seen that the mesh configuration using ECDM is 
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uniform, while that for the model using CZM is required to be discretized conforming 
to the anticipated crack path. For the model using CZM, the fracture can only propagate 
through the path setting a prior. This requirement of CZM based cohesive element 
enables the modelling not to allow an arbitrary propagation of fracture and limits the 
application of numerical modelling in design procedure. 
 
 
 
Figure 5-10. Configuration of the specimens for delamination migration test. 
 
(a)
(b) 
Figure 5-11. The FE mesh of the laminated specimen with: (a) cohesive element COH2D4 
and (b) ECDM user element. In the figure, only the potential failure region highlighted in 
Figure 5-10 is presented. 
Figure 5-12 shows the ECDM simulated a final failure stage with delamination growth, 
matrix crack and delamination migration. The global failure response of the 
investigated specimen is shown in Figure 5-13, from which it can be seen that the entire 
failure response obtained from the modelling is sufficiently consistent with 
Clamped Applied displacement Clamped Pre-existing delamination 
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experimental measurements. The failure response of the specimen experienced mainly 
two sudden drops during the loading process, which represent two major fracture 
propagation. The first one is delamination growth, the second is matrix crack together 
with delamination migration. When the specimen is loaded over 200N, the 
delamination propagated approximately 8.6mm along the 0/90 intralaminar interface, 
which agrees to the experimental observation between 8 and 9mm. This delamination 
is an unstable delamination propagation at the 0/90 interface and is reflected by the first 
response drop shown in Figure 5-13. When the specimen is reloaded up between 150N 
and 180N, the matrix crack starts and quickly goes through the 90-degree ply along a 
short slope line from the bottom to top of 90-degree ply. Then it is promptly followed 
by another delamination as a stable crack propagation at the 90/0 interlaminar interface. 
These two failure response with matrix crack and the second delamination are almost 
appeared at the same time and reflected by the second drop in the load-displacement 
curve given in the load-displacement curve. The rest of failure response is the residual 
stiffness of the specimen.  
This multicrack propagation actually presentes the delamination migration through a 
matrix crack in the investigated specimen. Prior to and after delamination migration it 
is recognized the fracture is mixed mode-I/II crack due to the asymmetrical load 
condition and specimen configuration. Inspection of the kinked surface in 90-degree 
ply of tested specimen revealed the mode-I fracture, which proves the modelling 
prediction of the opening dominated matrix crack. It should be noticed that the 
transition of the kinked crack from 0/90 interface into the 90/0 interface is sudden, its 
response together with the second delamination is reflected by the second drop in the 
predicted load-displacement curve shown in Figure 5-13 and other experimental 
observation on different samples (Ratcliffe et al., 2013). This investigation confirms 
that the capability of the ECDM in capturing the entire delamination migration path 
including both interlaminar fracture and intralaminar crack propagation in the 
investigated laminated composite specimen. 
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Figure 5-12. The ECDM simulated delamination migration together with a matrix crack. 
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Figure 5-13. The load-displacement curves given by the ECDM, CZM and experiment. 
The predicted overall process of failure events within the structure is as follows: 1) 
specimen responds linearly to loading up to some critical force; 2) an unstable event 
takes place once this critical force is reached. This event includes unstable delamination 
growth that either is arrested just prior to the onset of migration or begin migrating 
through the upper 90-degree ply stack to be arrested part way through the stack. The 
length of delamination prior to the occurrence of migration from simulation is 8.5 
which is close to the experimental observation (between 8 and 9mm). A sudden drop 
down in the structural stiffness characterized in the response curve is captured, this is 
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due to the delamination propagation; 3) as the loading increases until a second critical 
force at which point a second unstable event occurred. Delamination is reported to 
propagate through the thickness of a laminate migrating through matrix. A kinking 
crack accompanying the second sudden drop down in stiffness is observed at the instant 
of delamination immigration. Then, further loading results in stable growth of the 
migrated delamination. 
To compare with CZM in modelling delamination migration, the cohesive element 
COH2D4 in ABAQUS is used in this investigation. Exactly same mesh size with the 
ECDM modelling is adopted for CZM modelling. The CZM predicted failure response 
is also presented in Figure 5-13 for comparison. It can be seen that the CZM obviously 
overestimates the peak value of reaction force during loading this investigated 
specimen, compared to experimental work and the ECDM prediction. Besides the 
cumbersome meshing work in CZM modelling when, the CPU time to complete this 
analysis by CZM is 16166s, total increment number is 3344. In contrast, the CPU time 
and total increments spent by the ECDM are 1333s and 283, respectively. Both CPU 
time and total increment number spent by the ECDM are reduced more than 90% 
compared to CZM. Through this comparison, we have shown that the computational 
efficiency and accuracy of the modelling is significantly improved with the ECDM 
compared to CZM based model. 
 
5.5. Summary 
This chapter conducts the application of ECDM in modelling the multiple failure 
mechanisms of FRP composites. The schemes to determine the happening and 
evolution of three different failure mechanisms are described in detail. The three main 
failure mechanisms under consideration in this investigation include fibre breakage, 
matrix cracking and delamination, respectively, which are typically found in FRP 
structures under complex loading condition. Then, two numerical applications, 
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stiffened FRP composite panel and FRP T-joint component, are modelled with the 
ECDM in conjunction with the multiple failure determining scheme. Through two 
models, it has been demonstrated that the proposed ECDM is capable of describing the 
multiple failure behaviors with acceptable accuracy and numerical stability. Finally, in 
the discussion of computational efficiency through the investigated example on 
delamination migration in FRP laminate, the ECDM can save great computational cost 
accounted by CPU time compared to cohesive element with CZM. This investigation 
shows the great significance of the ECDM in predicting damage mechanism with 
complex failure process in FRP composites and other heterogeneous materials. 
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Chapter 6 
Conclusions and Future Study 
 
6.1. General conclusions 
One of the major challenges with regard to damage prediction in composite structures 
is that the most existing damage modelling approaches are incapable of representing 
the phenomenon including complex failure mechanisms frequently occurred under 
multiple loading conditions. To surmount this challenge, the present work is concerned 
with developing the ECDM based on XFEM and a condensation technique to eliminate 
the additional enriched DoFs coming with the framework of XFEM. This developed 
ECDM enables engineers to describe the multicrack propagation in composite 
structures, more specifically, the FRP laminated composites. 
The finite element framework and detailed rigorous derivation in forming the basic 
equilibrium fundamentals of the ECDM have been carried out by this investigation, 
which conducts a new multi-scale model for simulating arbitrary crack propagation 
within a continuum solid. Based on the fundamental concept of XFEM, the ECDM 
eliminates the additionally enriched DoFs at element level, and embeds the micro-
mechanical cohesive damage model into the macro-mechanical finite element 
formulation with a shifted enriched shape function. Unlike the classic XFEM which 
requires the displacement gap to qualify the state of cohesive segment, the ECDM 
employs an equivalent damage scale with respect to strain field to avoid the 
requirement of explicit displacement gap, and to make the embedment of 
micromechanical CZM into the ECDM based macro model possible. With this new 
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model, the crack nucleation as well as crack propagation have been characterized 
without any re-meshing effort and large computing work. 
This developed ECDM has the following specific features: (a) enriched DoFs are 
eliminated from the fully condensed equilibrium equations; (b) the cohesive damage 
law is embedded into the condensed equilibrium equation; (c) the effects from the 
enriched DoFs and the cohesive characteristic are accounted into the final condensed 
formulation; (d) the derived formulations are presented with the standard FEM 
displacements only; (e) a novel equivalent damage variable with respect to strain field 
is employed based on the thermal dissipation, which enables the model conforms with 
thermodynamic consistency. Embedding the micromechanical CZM into the macro-
mechanical formulation of the ECDM results a multi-scale model. Although the 
derived formulation of the ECDM is presented with the macro scale displacements only, 
the deformation pattern is influenced by the micro-scale cohesive properties with strong 
and weak discontinuous characteristics within an element. 
Because of the fully condensed equilibrium equations, comparing to XFEM, the 
developed ECDM is feasibly compatible with the current commercial FEM software in 
simulation of multicrack propagation. Moreover, as standard DoFs and shifted shape 
functions are employed by the ECDM, which enables the ECDM to improve overall 
convergence in numerical non-linear fracture simulation. In the numerical 
implementation via user subroutine UEL in ABAQUS, the ECDM is programmed as a 
general purpose element, which can be widely applied in modelling material failure 
propagation. The schemes regarding numerical implementation are introduced in 
details. Different criteria have be employed for the judgment of damage initiation and 
the determination of crack direction according the characteristic of materials; an 
equivalent damage scale relating to the fracture energy criteria is used for 
characterization of crack propagation. The derivation of an equivalent variable 
controlling damage propagation is performed based on the thermodynamics and thus 
the energy dissipation during damage process can be guaranteed consistently. 
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Through all numerical homogeneous examples performed in this work, it has been 
validated that the developed ECDM has the capability of capturing multiple crack 
propagation in solids with sufficient accuracy, efficiency and stability. The mesh 
independency of the ECDM is verified by a number of models with different meshes 
which produced identical solutions. Representative numerical benchmark examples, 
characterized by mixed-mode fracture, are used to validate the performance of the 
ECDM. Through fracture benchmark specimens, the ECDM, featuring with the DoFs 
condensation and thermodynamic consistency has achieved very significant 
improvements in numerical accuracy, efficiency, and robustness. In particular, through 
a rigorous comparative study on the single notched four-point beam test, it has been 
shown that the ECDM solutions, not only the crack propagating path, but also the 
structural mechanical response, are rather insensitive to mesh sizes. As compared to 
XFEM in the commercial FEM code ABAQUS (V6.12), regarding the solution 
accuracy and robustness of prediction, the ECDM can achieve highly acceptable 
solution even with relative coarse mesh, while XFEM tends to overestimate the 
structural strength and shows obvious mesh dependence. In terms of computational 
efficiency, as demonstrated in the four-point shear beam test simulations, the ECDM 
can roughly save 60% computational cost (in CPU time), which is highly valuable in 
engineering applications. The significantly improved numerical efficiency and cross-
scale embedment of traction-separation law make the ECDM a promising approach for 
simulating failure and other highly localized phenomena in large-scale structure. 
Finally, the applications of the proposed ECDM in modelling multiple failure 
mechanisms in composite structures have been conducted. For all examples, excellent 
agreements are achieved between numerical simulation and experimental work. The 
multicrack behaviors in a stiffened FRP panel and a FRP joint component have been 
well captured by the ECDM. More importantly, the delamination migration behavior, 
frequently observed in fibre-reinforced polymer matrix composites, is modelled with 
the ECDM. Good agreement has be achieved between experimental and numerical 
result, and significant numerical efficiency has be demonstrated comparing to CZM 
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technique (about 90% saving in computational CPU time). All these investigations 
have shown the great significance of the ECDM in computational damage modelling 
for heterogeneous materials. 
This work makes contribution to knowledge and technology translation by the 
following points: 1. It is first time to theoretically derive the fully condensed 
equilibrium equations of the ECDM based on the framework of XFEM; 2. An 
equivalent damage variable with respect to strain field is introduced for characterizing 
the effects from enriched DoFs and cohesive traction, which avoids physical 
displacement jump in presenting strong discontinuities; 3. A significant improvement 
of computing efficiency in non-linear fracture analysis is achieved through eliminating 
additionally enriched degree freedoms required by XFEM; 4. The developed ECDM 
provides a highly efficient tool for academics and engineers in predicting detailed 
multicrack failure mechanism in engineering materials and structures; 5. The ECDM is 
developed using common computer language FORTRAN, which can be easily 
integrated into other FEM commercial packages.  
 
6.2. Limitations of the proposed ECDM 
It should be admitted that the proposed ECDM still has its limitations. Unlike XFEM, 
the ECDM cannot provide the internal displacement jump due to the elimination of the 
enriched DoFs, while the discontinuity is characterized by an equivalent damage 
variable, which is derived based on dissipation during the crack process. Therefore, 
physical crack is not visible in the ultimate solution, while can be demonstrated with a 
strain localized zone within mesh. In addition, the ECDM has a problem of 
underestimation on the shear stiffness. This is possibly because the calculation of 
inverse matrix is performed at the element level. This problem would bring inaccuracy 
when predicting the behavior of the slender beam with an existing crack in beam 
direction. With the refinement of FE mesh, the problem of underestimation on the shear 
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stiffness of the slender structures can gradually vanish, and the approximation 
converges to the expected accurate solution. 
 
6.3. Future works 
In the future, the developed ECDM will be further applied for simulating multiple crack 
propagation in heterogeneous materials such as fibre composites, including multiple 
layered delamination and multiple matrix crack to fully validate the capability of the 
ECDM in simulating the reality of multiple crack propagation. In this work, the 
implementation of the proposed ECDM is particularized within the framework of 2D 
quadrilateral elements. We plan to further implement it in 3D solid element, because 
there is no any technical barrier to extend the ECDM formulations to other type 2D or 
3D elements. Beside the static and quasi-static problems, the ECDM can also be applied 
in dealing with other types of problems, such as dynamic problem, fatigue problems, 
etc. As has been discussed in Chapter 3, there is an underestimation problem in the 
characterization of shearing stiffness of cracked element. In the future work, a 
correction factor relating to geometric size and loading conditions could be introduced 
in the formulation of the ECDM to overcome the problem of underestimation on the 
shear stiffness of the slender structures. 
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Appendix: The corrected beam theory for DCB, ENF and FRMM 
In the corrected beam theory, the beam is assumed to be linear elastic. The foundation 
of the method is based on Irwin–Kies equation in the framework of linear elastic 
fracture mechanics. In a linear structure system, the fracture energy is given by 
Blackman et al. (2003): 
                                                (a-1) 
Where, C is the compliance of the beam expressed as C=∆/F, a is the crack length and 
b the out-of-plane width of beam. For different configurations, the calculation and 
measurement of the differentiation of the compliance is different. 
A.1. Mode I DCB 
Considering the unidirectional DCB specimen shown in Figure 3-19(a) as a double 
cantilever beam, assume the adherents are strictly clamped at crack tip of delamination. 
Euler-Bernoulli beam theory can be applied to give the vertical separation at the end of 
double cantilever beam as (Reeder et al., 2004): 
                                            (a-2) 
Where, I is the second moment of cantilever beam, E11 is the Yong’s modules in length 
direction, h is cantilever depth (the half thickness of specimen), is the term of 
correcting crack length in order to correct the displacement for shear deformation and 
for local deformations that occur around the crack tip. Substituting the corrected 
displacement expression into the basic fracture energy formula (a-1), then a concise 
expression of mode I fracture energy can be obtained as: 
                            (a-3) 
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The correction parameter χ depending on the elastic parameters of the material, which 
can be calculated as: 
                         (a-4) 
A.2 Mode II ENF 
The basically same formulation given in (a-1) can be applied for the ENF (see Figure 
3-19(b)), in which the displacement and mode II strain energy release rate before initial 
crack propagation can be calculated as (Reeder et al., 2004): 
                                    (a-5) 
                    (a-6) 
 
A.3 Mixed mode FRMM 
The configuration of FRMM is shown in Figure 3-19(c), a ration between mode I and 
mode II was used as 4:3. The tip displacement of the upper cantilever beam can be 
given by the following equation given by Hodgkinson (2000): 
                          (a-7) 
N’ is the correction factor for beam compliance expressed as: 
                       (a-8) 
where l1 and l2 are the distance from the centre of the load block to the mid-plane of the 
specimen arm to which the end block is attached and the half length of the load block. 
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The total fracture energy leading mixed mode crack propagation can be expressed as: 
                                              (a-9) 
The calculation of two individual components in mixed mode fracture, GI and GII, can 
be obtained respectively as:  
                                        (a-10) 
                                    (a-11) 
where,  is the correction factor for large displacement and end block effect, and given 
by: 
                                     (a-12) 
where                          (a-13) 
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